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PREFACE. 

THIS  book  has  been  specially  prepared  for  the  use  of  students 
attending  the  Royal  Geographical  Society's  course  of  instruc- 
tion in  Practical  Astronomy  and  Surveying,  but  it  is  hoped  that 
it  will  prove  equally  serviceable  to  others  who  may  be  commencing 
the  study  of  these  subjects.  There  are,  of  course,  many  text  books 
on  Trigonometry,  both  Plane  and  Spherical,  but  these,  as  a  rule,  are 
too  advanced  for  beginners,  or  merely  consist  of  a  collection  of 
formulae  to  be  committed  to  memory  with  little  or  no  explanation  of 
how  they  have  been  derived.  In  this  work  is  given  only  what  is 
absolutely  indispensable  in  order  that  the  student  may  have  a  good 
foundation  to  build  upon,  and  follow  intelligibly  the  more  ordinary 
formulae  used  in  Practical  Astronomy  and  Surveying.  Many  stu- 
dents when  they  commence  their  studies  with  me  have  forgotten 
most  of  the  trigonometry  they  learnt  at  school  or  college,  hence  I 
have  found  it  necessary  to  commence  at  the  beginning,  and  from  the 
most  important  elementary  geometrical  theorems  to  lead  the  student 
step  by  step  up  to  the  investigation  of  the  more  important  formulae 
which  he  will  afterwards  make  use  of. 

The  work  must  in  no  wise  be  considered  as  a  complete  text 
book,  but  merely  as  an  introduction  to  the  many  excellent  works  on 
trigonometry  and  surveying  already  in  existence.  Still,  so  far  as  it 
goes,  every  endeavour  has  been  made  to  render  it  clear  and 
intelligible.  To  that  end  many  diagrams  are  given,  and  throughout 
I  have  preferred  graphic  and  geometrical  proofs  to  those  of  a  purely 
theoretical  nature,  as  from  experience  I  have  found  that  these  are 
more  readily  comprehended  by  my  students,  who  are  anxious, 
owing  to  the  limited  time  at  their  disposal,  to  pass  on  to  the  practical 
side  of  surveying  and  the  determining  of  positions  in  latitude  and 
longitude  as  soon  as  possible.  It  is  hoped  that  the  folding  diagram 
in  the  pocket  at  the  commencement  of  the  book,  showing  the  de- 
velopment of  the  fundamental  formulae  of  Spherical  Trigonometry 
from  that  of  Plane  Trigonometry,  will  be  found  useful  to 
beginners. 

In  the  second  part  of  the  work  I  have  drawn  freely  from  a 
little  pamphlet  on  Spherical  Trigonometry  and  Part  II  of  the 
41  Text  Book  of  Military  Topography,"  which  have  been  kindly 


placed  at  my  disposal  by  Major  C.  F.  Close,  R.E.,  C.M.G.,  the 
Instructor  in  Surveying  at  the  School  of  Military  Engineering  at 
Chatham.  The  following  works,  amongst  others,  have  also  been 
consulted,  and  students  wishing  to  pursue  their  studies  in  these 
subjects  further  cannot  do  better  than  refer  to  some  of  them  :- 

Todhunter's  Plane  and  Spherical  Trigonometry. 

Hall  and  Knight's  Trigonometry. 

Hutton's  Mathematics. 

Chauvenet's  Spherical  Astronomy. 

Loomis'  Introduction  to  Practical  Astronomy. 

Godfrey's  Astronomy. 

Notes  on  Astronomy  for  the  use  of  Officers  at  the  School  of 

Military  Engineering,  Chatham. 

Earl  of  Dunraven's  Practice  and  Theory  of  Navigation,  Vol.  II. 
Raper's  Practice  of  Navigation. 
Jeans'  Nautical  Astronomy  and  Navigation. 
Inman's  Navigation  and  Nautical  Astronomy. 
Auxiliary  Tables  of  the  Survey  of  India. 
Manual  of  Surveying  for  India. 
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FUNDAMENTAL    GEOMETRICAL    THEOREMS. 


L 

In  any  right-angled  triangle,  the  square  of  the  hypothenuse  is 
equal  to  the  sum  of  the  squares  of  the  other  two  sides. 

Let  ABC  (Fig.  i)  be  a  right-angled  triangle,  having  the  right 
angle  C  ;  then  will  the  square  of  the  hypothenuse  AB,  be  equal  to  the 
sum  of  the  squares  of  the 
other  two  sides  AC,  BC.  Or 
AB2  =  AC2  +  BC2. 

For,  on  AB  describe  the 
square  AE,  and  on  AC,  BC, 
the  squares  AG,  BH  ;  then 
draw  CK  parallel  to  AD  or 
BE  ;  and  join  AI,  BF,  CD, 
CE. 

Now,  because  the  line 
AC  meets  the  two  CG,  CB, 
so  as  to  make  two  right 
angles,  these  two  form  one 
straight  line  GB  (Eu.  I.  13). 
And  because  the  angle  FAC 
is  equal  to  the  angle  DAB, 
being  each  a  right  angle,  or  the  angle  of  a  square  ;  to  each  of  these 
equals  add  the  common  angle  BAC,  so  will  the  whole  angle  or  sum 
FAB,  be  equal  to  the  whole  angle  or  sum  CAD.  But  the  line  FA 
is  equal  to  the  line  AC,  and  the  line  AB  to  the  line  AD,  being  sides 
of  the  same  square ;  so  that  the  two  sides  FA,  AB,  and  their 
included  angle  FAB,  are  equal  to  the  two  sides  CA,  AD,  and  the 
contained  angle  CAD,  each  to  each  :  therefore,  the  whole  triangle 
AFB  is  equal  to  the  whole  triangle  ACD  (Eu.  I.  4). 

But  the  square  AG  is  double  the  triangle  AFB,  on  the  same 
base  FA,  and  between  the  same  parallels  FA,  GB  (Eu.  I.  41)  ;  in 
like  manner,  the  parallelogram  AK  is  double  the  triangle  ACD,  on 
the  same  base  AD,  and  between  the  same  parallels  AD,  CK.  And 
since  the  doubles  of  equal  things  are  equal,  the  square  AG  is  equal  to 
the  parallelogram  AK. 


In  like  manner,  the  other  square  BH  is  proved  equal  to  the 
other  parallelogram  BK.  Consequently,  the  two  squares  AG  and 
BH  together,  are  equal  to  the  two  parallelograms  AK  and  BK 
together,  or  to  the  whole  square  AE.  That  is  the  sum  of  the  two 
squares  on  the  two  less  sides,  is  equal  to  the  square  on  the  greatest 
side.  (Euclid  i.  47). 

Corol.  I.  Hence,  the  square  of  either  of  the  two  less  sides,  is 
equal  to  the  difference  of  the  squares  of  the  hypothenuse  and  the 
other  side  ;  or,  equal  to  the  rectangles  contained  by  the  sum  and 
difference  of  the  said  hypothenuse  and  other  side. 

Corol.  2.  Hence,  also,  if  two  right-angled  triangles  have  two 
sides  of  the  one  equal  to  two  corresponding  sides  of  the  other  ; 
their  third  sides  will  also  be  equal,  and  the  triangles  identical. 


II. 

In  any  triangle,  the  difference  of  the  squares  of  the  two  sides,  is 
equal  to  the  difference  of  the  squares  of  the  segments  of  the  base,  or  of 
the  two  lines,  or  distances,  included  between  the  extremes  oj  the  base  and 
the  perpendicular. 

Let  ABC  (Figs.  C  0 

2  and  3)  be  any  tri- 
angle, having  CD 
perpendicular  to 
AB;  then  will  the 
difference  of  the 
squares  of  AC,  BC, 
be  equal  to  the 
difference  of  the 
squares  of  AD,  BD  ; 
that  is  AC2  -  BC2  = 
AD2  -  BD2. 


FIG.  2. 


D 

FIG.  3. 


B 


For,  since  (by  Theorem  I),  AC2  is  equal  to  AD2  +  CD2  ) 

and  BC2  is  equal  to  BD2  +  CD2  ) 

Therefore  the  difference  between  AC2  and  BC2,  is  equal  to  the 
difference  AD2  +  CD2  and  BD2  +  CD2,  or  equal  to  the  difference 
between  AD*  and  BD2,  by  taking  away  the  common  square  CD2. 

Corol.  The  rectangle  of  the  sum  and  difference  of  the  two 
sides  of  any  triangle,  is  equal  to  the  rectangle  of  the  sum  and 
difference  of  the  distances  between  the  perpendiculars  and  the  two 


extremes  of  the  base,  or  equal  to  the  rectangle  of  the  base  and  the 
difference  or  sum  of  the  segments,  according  as  the  perpendicular 
falls  within  or  without  the  triangle. 

That  is  (AC  +  BC)  .  (AC  -  BC)  =  (AD  +  BD)  .  (AD  -  BD). 
Or  (AC  +  BC)  .  (AC  --  BC)  =  AB  .  (AD  -  BD)  in  fig.  3. 
And  (AC  +  BC)  .  (AC  -  BC)  =  AB  .  (AD  +  BD)  in  fig.  2. 


III. 

The  square  of  the  sum  of  two  lines  is  greater  than  the  sum  of  theit 
squares,  by  twice  the  rectangles  of  the  said  lines.  Or,  the  square  of  the 
whole  line  is  equal  to  the  squares  of  its  two  parts,  together  with  twice  the 
rectangles  of  these  parts. 


Let  the  line  AB  (fig.  4)  be 
the  sum  of  any  two  lines  AC, 
CB  ;  then  will  the  square  of  AB 
be  equal  to  the  squares  of  AC, 
CB,  together  with  twice  the 
rectangles  of  AC  .  CB.  That  is 
AB2  =  AC2  +  CB2  +  2  AC, 
CB. 

For,  let  ABDE  be  the 
square  on  the  sum  or  whole 
line  AB,  and  ACFG  the  square 
on  the  part  AC.  Produce  CF 
and  GF  to  the  other  sides  at  H 
and  I. 


H 


B 


FIG.  4. 


From  the  lines  CH,  GI,  which  are  equal,  being  each  equal  to  the 
sides  of  the  square  AB  or  BD  (Eu.  I.  34),  take  the  parts  CF,  GF, 
which  are  also  equal,  being  the  sides  of  the  square  AF,  and  there 
remains  FH  equal  to  FI,  which  are  also  equal  to  DH,  DI,  being  the 
opposite  sides  of  the  parallelogram.  Hence,  the  figure  HI  is 
equilateral,  and  it  has  all  its  angles  right  angles  (Eu.  I.  34)  ;  it 
is  therefore  a  square  on  the  line  FI,  or  the  square  of  its  equal  CB. 
Also  the  figures  EF,  FB,  are  equal  to  two  rectangles  under  AC  and 
CB  because  GF  is  equal  to  AC,  and  FH  or  FI  equal  to  CB.  But 
the  whole  square  AD  is  made  up  of  the  four  figures,  viz.  the  two 
squares  AF,  FD,  and  the  two  equal  rectangles  EF,  FB.  That  is, 
the  square  of  AB  is  equal  to  the  squares  of  AC,  CB,  together  with 
twice  the  rectangle  of  AC.  CB. 
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Corol.  Hence,  if  a  line  be  divided  into  two  equal  parts  ;  the 
square  of  the  whole  line  will  be  equal  to  four  times  the  square  of 
half  the  line. 

Note. — Algebraically  this  is  shown  thus  : — 

(a  -f  6)2  =  a2  +  2  ab  +  b2  =  a2  +  b2  +  2  ab. 


IV. 


The  square  of  the  difference  of  two  lines,  is  less  than  the  sum  oj 
theit  squares  by  twice  the  rectangle  of  the  said  lines. 

Let  AC  BC,  (fig.  5)  be  any        G  F 

two  lines,  and  AB  their  differ- 
ence :  then  will  the  square  of 
AB  be  less  than  the  squares  of  , 
AC,  BC,  by  twice  the  rectangle 
of  AC  and  BC.  Or,  AB2  = 
AC2  +  BC2  -  2  AC  .  BC. 

For,  let  ABDE  be  the 
square  on  the  difference  AB, 
and  ACFG  the  square  on  the 
line  AC.  Produce  ED  to  H  ; 
also  produce  DB,  and  HC,  i 
and  draw  KI,  making  BI  the 
square  of  the  other  line  BC. 

Now,  it  is  evident  that  the 
square  AD  is  less  than  the  two 
squares  AF,  BI,  by  the  two 


6 


H 


K 


I 


FIG.  5. 


rectangles  EF,  DI.  But  GF  is  equal  to  the  one  line  AC,  and  GE  or 
FH  is  equal  to  the  other  line  BC  ;  consequently,  the  rectangle  EF, 
contained  under  EG  and  GF,  is  equal  to  the  rectangle  AC  and  BC. 

Again,  FH  being  equal  to  CI  or  BC  or  DH,  by  adding  the 
common  part  HC,  the  whole  HI  will  be  equal  to  the  whole  FC,  or 
equal  to  AC  ;  and  consequently,  the  figure  DI  is  equal  to  the 
rectangle  contained  by  AC  and  BC. 

Hence,  the  two  figures  EF,  DI,  are  two  rectangles  of  the  two 
lines  AC,  BC  ;  and  consequently  the  square  of  AB  is  less  than  the 
squares  of  AC,  BC,  by  twice  the  rectangle  AC  .  BC. 

Note. — Algebraically  this  is  shown  thus  : — 

(a  -  6)  2  =  a2  -  2  ab  +  b2  =  a2  +  b2  -  2  ab. 


V. 

In  any  obtuse-angled  triangle,  the  square  oj  the  side  subtending 
the  obtuse  angle  is  greater  than  the  sum  of  the  squares  of  the  other  two 
sides,  by  twice  the  rectangle  of  the  base  and  the  distance  of  the  perpen- 
dicular from  the  obtuse  angle. 

Let  ABC  (fig.  6)  be  a  triangle,  obtuse  angled  at  B,  and  CD  per- 
pendicular to  AB  ;  then  will  the  square  of  AC  be  greater  than  the 
squares  of  AB,  BC,  by  twice  the  rectangle  of 
AB,  BD  :  that  is,  AC2=AB2          2 


FIG.  6. 


For,  AD2  =  AB2  +  BD2  +  2AB  .  BD 
(Theorem  III). 

And,  adding  NCD2  to  both  sides  of  the 
equation,  AD2  +  CD2  =  AB2  +  BD2  +  CD2 
+  2AB,  BD. 

But  AD2  +  CD2  =  AC2,  and  BD2  +  CD2 
=  BC2  (Theorem  I). 

Therefore,  AC2  =  AB2  +  BC2  +  2AB  .  BD. 

VI. 

In  any  triangle,  the  square  of  the  side  subtending  an  acute  angle,  is 
less  than  the  squares  of  the  base  and  the  other  side  by  twice  the  rectangle 
of  the  base  and  the  distance  of  the  perpendicular  from  the  acute  angle. 

Let  ABC  (Figs. 
7  and  8)  be  a  tri- 
angle, having  the 
angle  A  acute,  and 
CD  perpendicular  to 
AB;  then  will  the 
square  of  BC  be  less 
than  the  squares  of 
AB,  AC,  by  twice  the 
rectangle  of  AB,  AD. 
That  is,  BC2  =  AB2 
+  AC2  -2  AD.  AB. 


D 

FIG.  8. 


B 


FIG.  7. 

For,  BD2  =  AD2  +  AB2  -  2  AD  .  AB  (Theorem  IV.) 

And  BD2  +  CD2  =  AD2  +  CD2  +  AB2      2  AD  .  AB  (since 
CD  has  been  added  to  both  sides  of  the  equation). 

But  (Theorem  i)BD2  +  CD2  =  BC2  and  AD2  +  CD2  =  AC* 

Therefore  BC2  =  AC2  +  AB2  --  2  AD  .  AB 

Note. — By  transposing  equation  2,  on  page  12,  it  will  be  seen 
that  AD = AC  .  cos  A,  therefore,  BC2= AC2+AB2-2AC  .  AB .  cos.  A. 
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In  Theorem  V.  where  the  angle  is  obtuse  the  sign  of  the  third  term 
becomes  -f  for  the  cosine  BD  is  the  cosine  of  the  obtuse  angle  ABC, 
but  being  more  than  90°  its  sign  is  minus,  and  a  plus  quantity  minus  a 
minus  quantity  renders  it  plus.  Theorems  V.  and  VI.  are  most  im- 
portant in  connection  with  trigonometry,  and  from  them  the  funda- 
mental formula  for  obtaining  the  third  side  of  a  plane  triangle,  when 
two  sides  and  the  included  angle  are  given,  is  obtained,  which  is 
<fig.  7)-  

BC  =  A/AC2  +  AB2  ±  2  AC  .  AB  .  cos.  A  in  which  equation  the 
positive  sign  of  the  third  term  must  be  employed  when  the  angle  is 
obtuse,  but  when  it  is  acute  the  minus  sign  must  be  taken. 

PLANE    TRIGONOMETRY. 

Definitions,   Equivalents,   &c. 

The  straight  line  drawn  from  one  extremity  of  an  arc  to 
the  other,  is  called  the  chord  of  the  arc,  as  AF  (fig.  9). 


FIG.  9. 

A  line  drawn  from  one  extremity  of  the  arc  AF  perpendicular 
upon  the  diameter  passing  through  the  other  extremity,  is  called 
the  sine  of  the  angle,  as  FG  is  the  sine  of  the  angle  ACF. 

AG,  that  part  of  the  diameter  which  is  intercepted  between 
the  extremity  of  the  arc  AF,  and  the  sine  FG,  is  called  the  versed 
sine  of  the  angle  ACF. 


II 

If  a  line  perpendicular  to  AC  be  drawn  touching  the  circle  in  A, 
and  the  radius  CF  be  produced  to  meet  it  in  K,  then  AK  is  called  the 
tangent,  and  CK  the  secant  of  the  angle  ACF. 

If  a  line  be  drawn  touching  the  circle  in  D,  and  CF  be  pro- 
duced to  meet  it  in  L,  and  FH  be  let  fall  perpendicular  upon  the 
diameter  DE,  then  FH,  DH,  DL,  and  CL  become  respectively  the 
sine,  versed  sine,  tangent,  and  secant  of  the  angle  FCD,  which  is  the 
complement  of  the  angle  ACF,  and  are  therefore  called  the  cosine, 
co-versed  sine,  cotangent,  and  cosecant  of  the  angle  ACF. 

Since  CG  is  equal  to  FH,  it  is  equal  to  the  cosine  of  the  angle 
ACF,  hence  the  cosine  of  any  angle  is  equal  to  that  part  of  the  radius 
of  the  circle  which  is  intercepted  between  the  centre  of  the  circle 
and  the  extremity  of  the  sine  of  that  angle. 

In  dealing  with  the  above  quantities  for  any  angle,  it  must  be 
clearly  understood  that  each  one  expresses  its  ratio  to  the  other  as 
referred  to  a  Radius  of  Unity,  or  the  abstract  number  i,  which 
means  that,  in  a  circle  of  one  mile  or  one  inch  radius,  an  angle  at 
the  centre  of,  say  20°,  will  have  a  natural  sine  of  -342020  and  a  natural 
tangent  of  '363970  ;  therefore,  at  that  angle,  the  decimal  figures 
shew  the  ratio  that  the  sine  or  tangent  bears  to  Radius  and  thus 
to  each  other.  This  is  the  fundamental  principle  of  our  system  of 
trigonometry. 

The  complement  of  any  angle  is  the  difference  between  that 
angle  and  90°,  or  J  of  the  circumference  of  the  circle. 

The  supplement  of  any  angle  is  the  difference  between  that 
angle  and  180°. 

The  reciprocal  of  a  term  is  that  other  term  which,  multiplied 
by  the  first,  equals  unity  ;  thus  the  sine  and  cosec.,  secant  and 
cosine,  tangent  and  cotan.,  are  reciprocals,  the  two  last  being  the 
only  case  where  the  complement  and  reciprocal  are  identical. 

The  following  abbreviations  are  generally  employed  : 


sin.       for  sine 
cos.       „    cosine 
v.  sin.    „    versed  sine 
tan.       „    tangent 


sec.  for  secant 

cotan  „  cotangent 

cosec.  ,,  cosecant 

diam.  diameter 


In  the  right-angled  triangle  CFG  (Fig.  9)  we  have 

CF  :  rad.  :  :  FG  :  sin.C 

^       FG  x  rad. 
or  sm.C  = — — 
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again  CF  :  rad.  :  :  CG  :  cos.C 

^       CG  x  rad. 
or  cos.  C          -— - 

and  since  rad.  is  unity  these  become 

.    r        FG 

sm.C  = 


cos.C  = 


CF 
CG 


CF 

again  by  Theorem  I.  FG  =  VCF2  -  CG2 

i.e.  sin.  =  Vrad.2  --  cosin.2 

And  vice  versa  CG  =  VCF2  -  FG2 

i.e.  cosin  =  Vrad.2  -sin.2 (4) 

Since  CFG  is    a   right-angled   triangle   of   which  CF   is   the 
hypothenuse, 

FG2  +  CG2  =  CF2 
Dividing  by  CF2 

FG2       CG2 

CF2       CF2 

Let  6  represent  any  angle,  then  from  above, 

sin.2  0  +  cos?0  =  i  (5) 

or  sin?0  =  i  -cos?0  (6) 

AG  =  AC  -  CG, 
i.e.  versed  sine  =  rad.  -  cos (7) 

By  similar  triangles  ACK,  GCF  (fig.  9). 

AK  :  AC  :  :  FG  :  CG, 

,.  ^       rad.  x  sin.C 

i.e.  tangent  :  radius  :  :  sine  :  cosine,  or  tan.C  =  ~ 

cos.C 

f.      sin.  0  .-o\ 

or  tan.  0  = ^ (o) 

cos.  0 

For  0,  substitute  (90°  -  0)  ;  then 

sin.  (00°  -  0)  ,          /JN 

ft— — (  =  tan.  (90°  -  0) 

cos.  (90°  -  0) 

or, '-f.  =  cot.  0   (9) 

sin.0 

By  similar  triangles  ACK,  DCL, 

AK  :  AC  :  :  CD  :  DL, 

i.e.  tangent  :  radius  :  :  radius  :  cotan.C 

,       a       rad?  i  ,n^ 

or  cotan  0  =  -    — ~-  — ^  (10) 

tan.  0     tan. 0 
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It  has  been  shown  that 


i   =  tan.*,  and  -        =  cot* 
cos.0  sm.0 

Hence,  tan.0  =  —  —  or,  tan.0  cot.O  =i  .........  (n) 

Since  CAK  is  a  right-angled  triangle  and  CK  the  hypothenuse, 

CA2  +  AK2  =  CK2 

By  similar  triangles  ACK,GCF, 

CK  :  CA  :  :  CF  :  CG, 


i.e.  secant.  :  radius  :  :  radius  :  cosine,  orsec.0=  -  -.  =  -  ..  ......  (i2\ 

cos.0      cos.0 

or,  sec.0  x  cos.0  =    i  .........  (13) 

In  the  right-angled  triangle  CAK,  we  have 

CK  =  VGA2  +   AK2  ..................  (I4) 

i.e.  sec.0  = 


And,  vice  versa, 

AK  =  VCK2    -    AC2  ( 

i.e.  ta.n.0  =  Vsec?(9       rad2 

By  similar  triangles  DCL,GCF, 

CL  :  CD  :  :  CF  :  FG, 

rad2         T 

i.e.  cosec.  :  radius  :  :  radius  :  sin.,  or  cosec.0  =-  —  =  -  —  -...(16) 

sm.O 


Since  CAK  is  a  right-angled  triangle  and  CK  the  hypothenuse, 

CA2  +  AK2  =  CK2 

Dividing  by  CA2, 

AK2  _  CK2 
1  +  CA2       CA2 

i.e.  i  +  tan?0  =  sec?0  .................................  (17) 

It  has  been  shown  (by  9)  that 


cote  = 

sm. 


...  cot?*  = 


Adding  i  to  each  side  of  the  equation, 


sin?0  +  cos?0 
sin20 


(by  5). 


,(18) 


It  will  be  well  for 
the  student,  before  pro- 
ceeding further,  to 
commit  to  memory  the 
following  six  ratios, 
taking,  as  is  usual,  the 
capital  letters  to  repre- 
sent the  angles  and  the 
small  letters  the  sides 
of  the  right-angled  tri- 
angle (Fig.  10),  and 
assuming  the  base  to 
be  the  side  next  to  the 
given  angle. 

Ratios. 


i.     Sin.  A    =  a- 
b 


2.     Tan.A  =  - 

c 


3.     Sec.A  =  — 

\t 


sin?  0 

cosec?0  (by  16)  (19) 

c 


BASE 


4- 

5- 

6. 


C 

FIG.  10. 

Reciprocals. 

Cosec.A  =  -  or 

a       perp. 

Cot  A     _  f  _ 


CosA 


c 
6 


perp. 

base 

hyp. 


Variation  oj  the  sine,  cosine,  versed  sine,  tangent,  cotangent,  secant, 
and  cosecant,  through  the  four  quadrants  of  the  circle. 

Previous  to  tracing  the  variation  of  these  lines  round  the  circle, 
it  is  necessary  to  observe  that  geometrical  quantities  are  measured 
from  some  given  point  or  line,  and  when  expressed  algebraically, 
are  reckoned  +  or  -,  according  as  they  lie  on  the  same  or  opposite 
sides  of  that  point  or  line. 


Thus  in  the  circle  ADBE  (Fig  n),  if  the  sines  of  the  arcs  in  the 
semicircle  ADB  are  reckoned  +  ,  the  sines  of  the  arcs  in  the  semi- 
circle BEA  (lying  on  the  opposite  side  of  the  diameter  AB),  will  be 
reckoned  - ;  and  if  the  cosines  of  the  arcs  in  the  first  quadrant  AD 
be  reckoned  +  ,  the 
cosines  of  arcs  in 
the  second  quad: 
rant  DB  (lying  on 
the  opposite  side  of 
the  centre  C),  must 
be  reckoned  -  . 

Since  tan.  =^-the 

C-Oo. 

tangents  of  these  g 
arcs  will  be  positive 
or  negative,  accord- 
ing as  the  sine  and 
cosine  have  the 
same  or  different 
signs ;  and  since 

sec.  =  -^the  se- 
cants of  those  arcs 
will  be  positive  or 


E 

FIG.  ii. 

negative,  according  as  the  cosine  is  positive  or  negative.  A 
similar  rule  will  apply  to  the  cosecs  and  cotans.  With  respect 
to  the  versed  sines,  since  they  are  measured  from  A,  they 
will  be  altogether  positive  ;  in  the  semicircle  ADB  they  will  vary 
from  o  to  diameter  ;  and  in  the  semicircle  BEA  they  will  vary 
from  diameter  to  o. 

With  this  explanation,  the  following  Table,  exhibiting  the 
variation  of  the  sine,  cosine,  tangent,  secant,  cotan.  and  cosec.  through 
the  four  quadrants  of  the  circle,  will  be  readily  understood. 


In  the  first  quadrant  A  D 
The  Sine  increases  from  o  to  radius, 
„     Cosine  decreases  from  radius  to  o, 
„     Tangent  increases  from  o  to  infinity, 
,,     Secant  increases  from  radius  to  infinity, 

„     cosec.  equals- — (by  16  p.  13),  and  in  this 


and  is  -f 


11 
11 
11 


11 

11 


sin. 


case    both  numerator  and   denominator  are   +, 
therefore,  the  cosec.  is  also  +. 


i6 
The  cotan.  equals- — (by  10  p.  12),  and  in  this 

case  both    numerator  and  denominator  are    +, 
therefore,  the  cotan.  is  also  +• 


In  second  quadrant  DB 

The  Sine  decreases  from  radius  to  o,  and  is  + 

,,     Cosine  increases  from  o  to  radius,  ,,     „ 

„     Tangent  decreases  from  infinity  to  o,  „     „ 

(In  this  quadrant  the  tan.  - — — — ,  and  since  the  -j-  numera- 

COS* 

tor  is  divided  by  a  —  denominator  the  tan.  is  — ). 

„     Secant  decreases  from  infinity  to  radius,        „     ,, 

(In  this  quadrant  the  sec.  - CQS  ,  and  since  the -j- numera- 
tor is  divided  by  a  —  denominator  the  sec.  is  — ). 

,.     cosec.  =— — in  which  case  both  numera- 
sm. 

tor  and  denominator  are  -f ,  therefore  the  cosec.  is 
also  +. 

The  cotan.  = — ,  since  tan.  is  — ,  there- 

—  tan. 

fore  cotan.  is  also  — 


In  third  quadrant  BE 

The  Sine  increases  from  o  to  radius,  ,,     „    - 

,,     Cosine  decreases  from  radius  to  o,  ,,     „    - 

„     Tangent  increases  from  o  to  infinity,  „     „    + 

(tan.  -  I  j^    .'.  tan.  +  ) 

,,     Secant  increases  from  radius  to  infinity, 


cosec.    =  : —  in  which  the  +  numera- 

—  sin. 

tor  is  divided  by  a  —  denominator,  and  the  cosec. 
is  therefore  also  — 

The  cotan.  =  in  which  both  numerator 

tan. 

and  denominator  are  +,  therefore  the  cotan.  is 
also  +. 


,,     ,, 


In  fourth  quadrant  EA 

The  Sine  decreases  from  radius  to  o, 
Cosine  increases  from  o  to  radius, 
Tangent  decreases  from  infinity  to  o, 

•  sin. 


„ 


„ 


and  is  - 

11     11  T 

11     11  "~ 


<tan-  ' 


tan>  ~ 


Secant  decreases  from  infinity  to  radius, 


<sec-  •  "EoT*  •'• sec- 


11 


11 


in  which  case  the  numerator  is   +,  and 


cosec.  =  -  - 

—  sin. 

the  denominator  —  ,  therefore  the  cosec.  is  —  . 


cotan.  = 


—  tan. 


in  which  case  the  numerator  is  +  ,  and 


the  denominator  — ,  therefore  the  cotan.  is  — . 

Referring  again  to  fig.  n,  take  any  arc  AF,  and  make  Df  =  DF  ; 
draw  the  chords  FH,  fh,  perpendicular  to  the  diameter  AB  ;  join  CF, 
Cf,  Ch,  CH,  and  produce  them  to  meet  the  tangent  at  A  in  the  points 
K,k.  Then,  from  the  definitions  of  sine,  cosine,  tangent,  and  secant, 
it  appears  that 

FG  is  the  sine  of  the  arc  AF  From  the   construction 

fg  „          of  the  arc  Af  of  the  figure,  it    is  easily 

gh          „          of  the  arc  ABh  proved  that  FG=fg=gh= 

GH  of  the  arc  ABH  GH. 


&  AK=Ak 


o  prr 


CG  is  the  cosine  of  the  arc  AF,  and  of  the  arc  ABH  ") 
Cg  „  of  the  arc  Af,   and  of  the  arc  ABh  )   &  CC 

AK  is  the  tangent  of  the  arc  AF,  and  of  the  arc  ABh  ") 
Ak  „  of  the  arc  Af,  and  of  the  arc  ABH  3 

CK  is  the  secant  of  the  arc  AF,  and  of  the  arc  ABh 
Ck  „  of  the  arc  Af,  and  of  the  arc  ABH 

Now  let  the  arc  AF=a,  and  a  semicircular  arc  or  arc  of  i8o°=7r  ; 
then,  since  arc  AF=fB  =  Bh  — AH,  we  have 
Arc     Af 
„    ABh 
„    ABH 

Hence,  FG=  sin.a 
CG=cos.a 


=         7T     -       IB        =       7T     -     AF 

TT  +  Bh    =    TT  +  AF 

=      27T     -     AH      =    27T     -     AF 


=     TT   —  a 

=     TT  +  a 
=    27r  —  a 


fg  =  sm.(7r-a) 
Cg=cos.(7r-a) 


Ck= 


gh  =  sin.  (?r  +  a) 
Cg  =COS.(TT  +  a] 
+  a) 


=  sn.  27r- 


CG=cos.  (2ir-a) 


Ak=tan. 
Ck=sec.  (2ir-a) 
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But  when  these  lines  are  expressed  algebraically,  fg  =  +  FG, 
gh  and  GH  =  -  FG  ;  Cg  =  -  CG  ;  Ak  =  •-  AK  ;  and  Ck  =  •-  CK ; 
from  which  we  deduce, 


sin.  (IT  -  a)  =  sin.  a 
sin.  (TT+O) =-sin.  a 
sin.  (2ir-a) =-sin.  a 


cos.  (IT -a)  —  - cos.  a 
cos.  (TT + a) = -  cos.  a 
cos.(27r-a)  =  -f-cos.a 


tan.  (TT  -  a)  =  -  tan.  a 
=  +tan.a 


tan.(27r-a)  =  -tan.a 


sec.  (TT  -  a)  =  -  sec.  a 
sec.  (ir-}- a)  =  -  sec.  a 
sec.(27r-fl)  =  +sec.  a 

Since  TT  —   a  =  the  supplement  of  the  angle  a,  and 

sin.  (TT  —  # )  =  sin.  a 

cos.  (TT  —  a)  =  —  cos.  a 

tan.  (TT  —  a)  =  —  tan.  a 

sec.  (TT  —  a)  =  —  sec.  a 

it  appears  that  the  sine  of  the  supplement  of  any  angle  is  the  same 
with  the  sine  of  that  angle  ;  and  that  the  cosine,  tangent,  and 
secant  of  the  supplement  of  any  angle  is  the  same  as  the  cosine, 
tangent,  and  secant  of  that  angle,  but  with  a  negative  sign. 

• 

Method  of  finding  geometrically  the  sine  and  cosine  of  the  sum 
and  difference  of  any  two  arcs. 

Let  AF,  FE  (figs.  12  and  I3),be  the  two  given  arcs,  of  which  AF 
is  the  greater  ;  take  FD  =  FE,  and  draw  the  chord  ED,  which  will  be 
bisected  by  the  radius  CF  in  the  point  L ;  let  fall  the  perpendiculars 
DH,  FG,  LO,  EM,  upon  the  diameter,  and  draw  DQ,  LN,  parallel  to 
it,  meeting  LO  and  EM  in  the  points  Q  and  N.  Then  FG  =  sin.  AF, 
CG  =  cos.  AF,  EL  =  sin.  EF,  CL  =  cos.  EF. 

Since  the  arc  EF  =  the 
arc  FD,  EL  must  be  equal 
to  LD  ;  and  since  LN  is 
parallel  to  DQ,  the  angle 
ELN  is  equal  to  the  angle 
LDQ  ;  hence  the  right- 
angled  triangles  ELN,  LDQ, 
are  both  equal  and  similar  ; 
/.  EN  =  LQ,  and  NL  =  DQ. 
I  n  th  e  parallelograms  M  N  LO , 
OQDH,  we  have  NM  =  LO, 
and  DH  =  QO  ;  alsoQD  = 
OH,  and  NL  =  MO  ;  hence 
QD,  OH,  OM,  NL,  are  all 
equal  to  each  other. 


D 


H  A 


Now  the  arc  AE  =  AF  +  FE  =  sum  of  arcs, 

arc  AD  =  AF  -  FD  (FE)  =  difference  of  the  arcs. 
And  EM  =  sin.  AE  =  sine  of  the  sum, 

DH  =  sin.  AD  =  sine  of  the  difference, 
CM  =  cos.  AE  =  cosine  of  the  sum, 
CH  =  cos.  AD  =  cosine  of  the  difference. 
Again,  since  FG  is  parallel  to  LO,  and  LN  parallel  to  CO,  the 
triangles  CFG,  CLO,  ENL,  are  similar  ; 

FG  x  CL       sin.  AF  x  cos.  EF 
Hence  CF:FG::CL:LO,orLO-  = 


CF:CG::EL:NE,orNE  = 

! 
CF:CG::CL:CO,orCO  = 

CF:FG::EL:NL,orNL  = 

Now  EM-MN+NE-LO+NE  orsin.ofsum- 

DH  or  QO-LO  -  LQ-LO  -  NE  or  sin.  of  diff.- 

W  CM-CO  -MO-CO  -NL  orcos.of  sum - 

CH-CO  +  OH-CO+NL  orcos.of diff.- 


CG  x  EL       cos.  AF  x  sin.  EF 


.  AF  x  cos.  EF 


EF 


sin.AF  x  cos.EF+cos.AF  x  sin.EF 
rad. 

sin.AF  x  cos.EF-cos.AF  x  sin.EF 

rad. 
cos.AF  x  cos.EF-sin.AF  x  sin.EF 

rad. 
cos.AF  x  cos.EF+sin.AF  x  sin  EF 

rad. 


(a)  In  Fig.  13,  where  AE  is  greater  than  90°,  we  have  CM  -  MO  -  CO, 
CO  -  MO  ;  for  in  that  case  the  cosine  is  negative  (p.  16). 


-CM  - 
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Formula  derived  immediately  from  the  foregoing  Theorem. 

Previous  to  the  investigation  of  these  Algebraic  Formulae,  it  will 
be  necessary  to  exhibit  the  system  of  notation  by  which  the  operations 
are  conducted. 

Let  a  and  b  be  any  two  arcs,  of  which  a  is  the  greater  ;  then 

The  sine  of  their  sum  is  expressed  by  sin.  (a+b) 
„  „  „  difference  „  „  sin.  (a-b) 
„  „  half  their  sum  „  „  s'm.±(a+b) 
„  „  half  their  difference  „  sin.  $(a-b) 

The  tangent  of  their  sum  „  tan.  (a+b) 

„  „  „  „  difference  „  tan.  (a-b) 
„  „  „  half  their  sum  „  tan.i(a+Z>) 
„  ,,  „  „  difference,,  tan. \(a-b] 
etc.,  etc.,  etc. 


The  sine  of  a  is  expressed  by  sin.  a 

„    cosine        „        „  „   cos.  a 

„    tangent      „        „  „   tan.  a 

„    cotangent  „        „  cotan.  a 

„     Square  of  sine  „  ,,   sin.2  a 

„    Cube         „        „  „   sin.3  a 

„    Square  of  tangent  ,,   tan.2  a 

„    Cube         „        „  „  tan.3  a 
etc.,  etc.,  etc. 


Now  let  rad  =  i,  AF  =  a,  EF  =  b  ;  then  the  general  expres- 
sions for  the  sine  and  cosine  of  the  sum  and  difference  of  any  two 
arcs,  as  previously  given,  may  be  exhibited  in  the  following 
manner  : — 

sin.  (a  +  6)  =  sin.  a  x  cos.  b  +  cos.  a  x  sin.  b  (A), 

sin.  (a  —  b)  =  sin.  a  x  cos.  b  —  cos.  a  x  sin.  b  (B). 

cos.  (a  -f-  b)  =  cos.  a  x  cos.  b  —  sin.  a  x  sin.  b  (C). 

cos.  (a  —  b)  —  cos.  a  x  cos.  b  +  sin.  a  x  sin.  b  (D). 

The  formulae  immediately  deducible  from  these  expressions 
may  be  divided  into  three  classes. 

CLASS  I. 

This  class  consists  of  formulae  derived  from  them  by  additions 
and  subtraction. 

Formula  I. 
Add  (B)  to  (A),  then 
sin.  (a  -f-  b)  +  sin.  (a  -  b)  =  2  sin.  a  x  cos.  6, 

or  sin.  a  x  cos.  b  =  f  sin.  (a  +  6)  +  \  sin.  (a  --  6) 

Formula  2. 

Subtract  (B)  from  (A),  then 
sin.  (a  +  b)  -  sin.  (a  -  b)  =  2  cos.  a  x  sin.  6, 

or  cos.  a  x  sin.  6  =  |  sin.  (a  +  b)  -  \  sin.  (a  -  b) 

Formula  5. 

Add  (C)  to  (D),  we  have 
cos.  (a  -f-  6)  -f-  cos.  (a  -  b)  =  2  cos.  a  x  cos.  b  ; 

.*.  cos.  a  x  cos.  b  =  f  cos.  (a  -f  6)  +  I  cos.  (a  -  b) 
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Formula  4. 

Subtract  (C)  from  (D),  then 
cos.  (a  -  6)  -  cos.  (a  +  b)  =  2  sin.  a  x  sin.  b 

or  sin.  a  x  sin.  6  =  \  cos.  (a  —  6)  —  J  cos.  —  (a  -f 

CLASS  II. 

In  the  second  class  are  placed  such  formulae  as  may  be  imme- 
mediately  derived  from  those  in  Class  I.  by  making  a  +  b  =  p,  and 
a  -  b  =  q  ;  in  which  case  a  =  \  (p  +  q),  and  b  =  f  (p  -  q)  ;  then 
from 

Formula  i.  Sin.  p  +  sin.  q  =  2  sin.  f  (p  +  q)  cos.  \  (p  -  q) 

„       2.  Sin.  p  -  sin.  q  =  2  cos.  f  (p  +  q)  sin.  \  (p  -  q) 

„       3.  Cos.  p  +  cos.  q  =  2  cos.  f  (p  +  q)  cos.  \  (p  -  q) 

„      4.  Cos.  q  -  cos.  p  =  2  sin.  \  (p  +  q)  sin.  |  (p  -  q) 

But  it  is  evident  that  it  is  not  necessary  to  consider  p  and  q  as 
the  sum  and  difference  of  a  and  b,  any  longer  than  whilst  the  sub- 
stitution is  actually  making.  When  this  substitution  is  once  made, 
the  expressions  containing  p  and  q  become  true  for  any  arcs  what- 
ever ;  to  generalize  we  shall  therefore  put  0  and  Q'  for  p  and  q  in 
these  latter  expressions,  and  we  then  have 

Formula  5. 
sin.  6  +  sin.  0'  =  2  sin.  \  (0  +  6)  cos.  £  (0  -  0'). 

Formula  6. 
sin.  0  -  sin.  0'  =  2  cos.  \  (0  +  6)  sin.  \  (6  -  0). 

Formnla  7. 
cos.  0  +  cos.  0'  =  2  cos.  \(0  +  0')  cos.  ^  (0  - 

Formula  8. 
cos.  B'  -  cos.  0  =  2  sin.  f  (0  +  0*)  sin. 

CLASS  III. 


Tan.  =  ~;  and  cotan.  =  -^  =  ^j  and  in  this  third  Class 
are  placed  the  formulae  which  arise  from  dividing  those  of  Class  II. 
by  each  other  in  succession,  and  substituting  tan.  for  —-,  cotan.  for 

SST»  tan-  for  S3tk  or  cotan'  for  fS: 

Formula  9. 

sin.  0  +  sin.  Q'  _  sin.  |  (0  +  0Q  cos,  j  (0  -  0Q   =  tan.  |  (0  +  0 
sin.  0  •     sin.  0          cos.  i  (0  +  0')  sin.  i  (0  •     0'         tan.  f  (0  •  •  0^ 
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Formula  10. 

sin.  0  +  sin.  6'  =  sin.  |  (0  +  0Q  cos,  i  (0  -  0')   =    sin.  |  (0  +  0Q 
cos.  0  +  cos.  0'        cos.  J  (0  +  00  cos.  I  (0  -  0')         cos.  I  (0  +  0') 

=  tan.  t  (0  +  0') 
Formula  II. 

sin.  0  +  sin.  0X  __    sin,  J  (0  +  0Q  cos.  |  (0  -  0 )    =  cos,  j  (0  -  0Q 
cos.  0'  -  cos.  0         sin.  f  (0  +  00  sin.  f  (0  -  0)         sin.  £  (0  •  •  0') 

=  cotan.  I  (0  -  0') 
Formula  12. 

sin.  0  -  sin.  0'  =   cos.  \  (0  +  0 )  sin.  |  (0  -  0 )    =   sin..|  (0  -  0Q 
cos.  0  +  cos.  &         cos.  J  (0  +  0')  cos.  J  (0  -  0')         cos.  i  (0  -  0') 

=   tan.  i  (0  -  0 ) 
Formula  13. 

sin.  0  -  sin.  0'  =    cos.  |  (0  +  0 )  sin,  j  (0  -  0Q  =   cos,  *  (0  +  0Q 
cos.  0'  -  cos.  0          sin.  i  (0  +  0')  sin.  *  (0  -     0')          sin.  *  (0  +  00 

=  cotan.  *  (0  +  0  ) 
Formula  14. 

cos.  0  +  cos.  0X  =  cos,  j  (0  +  0Q  cos,  i  (0  -  0Q  =  cotan.i(0+  0Q 
cos.  0'     •  cos.  0      '  sin.  i  (0  +  0')  sin.  *  (0  •  •  07)          tan.  i  (0  -     0') 

To  this  class  may  be  added  three  other  formulae,  which  arise 
from  making  6'  =  o  in  formulae  10,  n,  12,  13,  or  14  ;  in  which  case, 
sine  0'  =  o,  and  cos.  0'  (=  radius)  =  i. 

Formula  15. 
Make  0'  =  o,  in  formula  10,  or  12  ;  then, 

sin.  0  i 

=    tan     0    = 


i  +  cos.  0  cotan.  }  0. 

Formula  16. 
Make  0X  =  o,  in  formula  n  or  13  ;  then, 

sin.  0  i 

=  cotan.  10  = 


i  —  cos.  0  tan.  i  0 

Formula  if. 
Make  0'  =  o,  in  formula  14  ;  then, 

i  +  cos.  0        cotan.  10  i 

-TJ   =    cotanf  1  0,  or  -     — - ^ 
i  -  cos.  0  tan.  ^  0  tan?  i  0 

Formula  18. 
Invert  the  expression  in  formula  17  ;  then 

i  —  cos.  0 

.    =  tanf  i  0. 

i  +  cos.  0 
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To  determine  the  sine  of  twice  a  given  angle. 

Substituting  0  and  0'  for  a  and  b,  by  formula  (A)  :    (p.  20). 
sin.  (0  +  0^  =  sin.  0  cos.  0'  +  cos.  0  sin.  0/. 

Let  0  =  0',  then  the  above  becomes 

sin.  20  =  sin.  0  cos.  0  +  sin.  0  cos.  0 
=  2  sin.  0  cos.  0. 

In  the  last  formula,  for  0  substitute    - ;  then  (i) 

0  00 

sin.  2  x  -  =  2  sin.  -  cos.  - 

2  22 

or,  sin.  0  =  2  sin.  -cos.-  (2) 

2          2 

To  determine  the  cosine  of  twice  a  given  angle. 

By  formula  (C)  :    (p.  20). 

cos.  (0  +  &)  =  cos.  0  cos.  &  —  sin.  0  sin.  0/. 

Let  0  =  0'  then  the  above  becomes 

cos.  20  =  cos?  0  —  sin?  0. 

By  6  (p.  12),  sin?  0  =  i  —  cos?  0  ;  substituting  this  for  sin?  0. 

cos.  20  =  2  cos?  0—i (3) 

Again,  since  cos?  0  =  i  —  sin?  0,  substitute  this  for  cos?  0. 

cos.  20=i  —  2  sin?  0   v.(4) 

- 

Given  the  tangents  of  two  angles,  to  find  the  tangent  oj  their  sum  : 
By  8  (p.  12)  tan.  0  =  Sm>  ° 

.'.  tan.  (0  -f  ff)  = 

cos.  (0  + 

=  sin.  0  cos.  &  +  sin.  0'  cos.  0  f  by  A  &  C  I 
cos.0cos.0'  —  sin.0  sin.  0\  p.  20.      / 

dividing  both  numerator  and  denominator  of  fractions  by 
cos.ecos.ff  sm.ecos.ff         sin.  &  cos.  6 

COS.  0  COS.  V  COS.  V   COS.  0 

~*~     '  sin.  0  sin.  0' 


cos.  0 
sin.  (0  -f- 


COS.  0  COS.  0' 

tan.  0  +  tan.  0/ 
simplifying  = 
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Given    the    tangents    oj    two    angles    to  find   the    tangent    of  theif 

difference : 

By  8  (p.  12)  tan.0  =  ^Hi^ 

cos.  0 

•     fan      (ft            tf\             Sin.    (U 
.  .    Ulll.    I U    —    V  I    —    r-r 

cos.  (0  — 

_  sin.  0  cos.  &       sin.  &  cos.  0  /  by  B  and  D) 
cos.  0  cos.  0/  +  sin.  0  sin.  ff  \     p.  20.     J 
dividing  both  numerator  and  denominator  by  cos.  0  cos.  0' 

sin.  0  cos.  &          sin.  0'  cos.  0  simplifying 

tan  (0  -  0')  =  COS'  G  CQS>  ^          cos'  ^  cos'  ^    =    tan.  0  -  tan.  0" 

j    +    sin.  0  sin.  0^         ftf  tan.  0tan.  0/ 

cos.  0  cos.  0/ 
Jo  determine  the  tangent  of  twice  the  given  angle. 
By  formula  5  (p.  23 ) 

T11T1        M  4"0 1*1         /» 

j  //I       i        /1A  Ltlll.    I/     '      '     Let  11*    \f 

tan.  (0  +  00    =  £-£     -7? 

i  —  tan.  0  tan. » 

Let  0  =  0',  then  the  above  becomes 

tan.  20    =    —     an'  Q  ^  ,  v 

i  -  tan?0    (7) 


The  student  will  easily  deduce  the  following  : 

cot.  26   =   colftf-i     ...........................  (8) 

2  COt.  0 

sec.  20    =      se°2  *  cosec2  *    .....................  (9) 

cosec?  0  —  sec?  0 

cosec.  2  6   =     sec'  0  cosec?  »  .....................  (10) 

2  sec.  0  cosec.  0 
To  determine  the  sine  of  half  a  given  angle. 

By  (4  P-  23)  : 

cos.  20    =    i—2  sin?  0 

Q 

For  0  substitute  -  ;  the  above  becomes, 

2   ' 

0  0 

COS.  2  -     =      1—2  Sin?    — 

2  2 

or,  cos.  0=i  —  2  sin?  — 

2 

/.  2  sin?    -  =    i  -  cos.  0  ...........................  (ii) 

2 


sin.-*   =  J  i  -  cos.  0  ........................  (12) 

»  , 
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To  determine  the  cosine  of  half  a  given  angle. 
By  3  (P-  23)  : 

COS.  20     =     2  COS?  0—1 

A 

For  6  substitute  -  ;  the  above  becomes 

0'  0 

COS.  2   -    =     2  COS?    ~    -    I 

2  » 

/a 

Or,  cos.  0    =    2  cos? i 

d 

.'.  2  COS?  =     I   +  COS.  0 

2 


0    =A/i  +  cos.  0      (13 

I.  —  V     — 

o  •  /> 


COS. 

2  w  2 


To  determine  the  tangent  of  half  a  given  angle. 
Divide  formula  (12)  by  (13)  : 


0  

sin.  -  /  x  _  cos.  0 


_ 

0  I   +  COS.  0 


cos.  - 

.       0        V  i  -  cos.  0  ........................  (14) 

tan.  -   —  V  -  ;  -  z" 

2  I   +  COS.  0 

Multiply  both  numerator  and  denominator  by  i  -  cos.  0  ;  the 

above  becomes, 

0          i  -  cos.  0       ........................  (15) 

tan'2    ~~         sin.  0 
Multiply  both  numerator  and  denominator  of  (14)  by  i  +  cos.  0  ; 

we  have. 

0  sin.0      ...........................  (16) 

tan.  - 


The  student  will  easily  deduce  the  following  : 

0  /  i  +  cos.0  ........................  (17) 

cot'2    -/V   !_  cos.0 

i  +  cos.  0  ...........................  (18 

sin.  0 

sin.  0       ...........................  (19) 

i  —  cos.  0 
0  /    2  sec.  0       .....................  (20 

sec'2    ~Vsec.0+i 

0  /   2  sec.  0        .....................  (21) 

cosec.  -   =  V  -  z  -  T~ 
2  sec.  0  —  i 


Properties  of  Arcs  and  Angles  Demonstrated  Geometrically. 


I.     The  chord  on  any  arc  is  a  mean  proportional  between  the  versed 
sine  of  that  arc  and  the  diameter  of  the  circle. 


B 


AF  is  the  chord,  and  AH  is  the  versed  sine  of  the  arc  AF;  join  FB, 
then  the  angle  AFB  in  the  semi-circle  is  a  right  angle ;  .*.  since  FH  is 
perpendicular  to  AB,  we  have  (Eu.  vi,  8)  AH  :  AF  ::  AF  :  AB,  i.e., 
v.  sin.  :  chord  : :  chord  :  diam. 

2.  The  chord  of  an  arc  is  double  the  sine  of  half  that  arc. 

Draw  CG  at  right  angles  to  AF,  and  produce  it  to  D  ;  then 
(Eu.  iii,  3)  CG  bisects  the  chord  AF  ;  and  (Eu.  iii.  30)  it  also  bisects 
the  arc  AF.  Hence 

Chord  AF  =  2FG,  and  arc  AF  =  2FD,  or  FD  =  \  AF 

Now  FG  =  sine  of  arc  FD  =  sine  of  \  arc  AF  ; 

.'.  Chord  AF  (=  2FG)  =  twice  sine  of  \  arc  AF 

And  vice  versa  ; 

Since  FG  =  f  chord  of  arc  AF  (=  J  chord  2FD),  we  have  sine 
of  an  arc  =  f  chord  of  double  the  arc. 

3.  As  radius  :  cosine  of  any  arc  :  :  twice  the  sine  of  that  arc 
:  the  sine  of  double  the  arc. 

For  CG  =  cosine  of  arc  FD, 

AF(=  2FG)  =  twice  the  sine  of  arc  FD, 
FH(=  sine  of  AF)  =  sine  of  double  the  arc  FD. 
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Now  the  right-angled  triangles  ACG,  AFH,  have  a  common 
angle  at  A,  they  are  consequently  similar  ;  hence 

AC  :  CG  : :  AF  :  FH 

i.e.,  radius  :  cos.  of  arc  FD  :  :  twice  the  sine  of  arc  FD   :  sine  of 
double  the  arc. 

4.     Half  the  chord  of  the  supplement  of  any  arc  is  equal  to  the 
cosine  of  half  that  arc. 

Draw  CM  at  right  angles  to  BF  ;  then  since  CG  is  parallel  to 
BF,  and  CM  parallel  to  AF,  the  figure  FGCM  is  a  parallelogram 
.'.  MF  =  CG  ;  but  MF  =  (£  FB  =)  f  chord  of  the  supplemental 
arc  FB,  and  CG  =  cosine  of  FD,  which  is  J  the  arc  AF  ; 

Hence,  half  the  chord  of  the  supplement  of  the  arc  AF  is  equal 
to  the  cosine  of  half  the  arc  AF. 


5.     Tangent  +  secant  of  any  arc  is  equal  to  the  cotangent  of  half 
the  complement  of  that  arc. 

In  Fig.  15,  let  AD  be  the  quadrant  of  a  circle,  AF  any  arc, 
whose  tangent  is  AK,  secant 
CK,    and    the    complement 
the  arc  FD. 

Bisect  FD  in  H,  join 
CH,  and  produce  CH  and 
AK  to  meet  in  L;  then  AL 
is  the  tangent  of  the  arc  AH, 
and  consequently  cotangent 
of  the  arc  HD,  which  is  half 
the  complement  of  the  arc 
AF. 

Now,  since  AL  is  paral- 
lel to  CD,  the  angle  DCH 
is  equal  to  the  angle  CLK  ; 
but  DCH  is  equal  to  HCK, 
/.  CK  is  equal  to  HCK,  and 
consequently  KL  =  CKL. 
Now  AK  +  KL  =  AL  ; 
,-.    AK  +  CK  =  AL,z.e., 

tan.  +  secant   =   cotan.  of    

half  complement  of  arc  FA.  C 

FIG.  15. 
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6.  The  chord  of  60°  is  equal  to  the  radius  of  the  circle. 
In  Fig.  16,  let  AF  be  an  arc  of  60°,  then  angle  ACF  of  the  tri- 
angle ACF  is  60°  ;  and 
since  the  three  angles 
of  the  triangle  are  equal 
to  1 80°,  the  two  remain- 
ing angles  CAF,  CFA, 
must  be  equal  to  120° ; 
but  CA  =  CF,  .-.  angle 
CAF  =  CFA,  and 
each  of  them  are  60°  ; 
hence  the  triangle 
CAF  is  equiangular, 
and  consequently  equi- 
lateral;  wherefore 
chord  AF  (=  AC  or 
CF)  =  rad. 

7.     The  sine  of  30°  is  equal  to  half  the  radius. 
By  2  (p.  26)  the  sine  of  an  arc  is  half  the  chord  of  double  the 
arc  ;  if  therefore  AF  is  60°,  FD  will  be  30°,  and  its  sine  FG  =  J  AF 
=  (by  Prop.  6)  ^  the  radius. 

8.  The  versed  sine  and  cosine  of  60°  are  each  equal  to  half  the  radius. 

For  since  the  tri- 
angle AFC  is  equi- 
lateral, the  sine  FH 
bisects  the  base  (or 

radius)  AC.  Hence, 
AH  =  versed  sine  of 
60°  =  half  the  radius. 
CH  =  cosine  of  60°  = 
half  the  radius. 

9.  The  tangent  of 
45°  is  equal  to  the  radius. 

Let  arc  AF  (fig.  1 7) 
=  45°,  then  the  angle 
ACK  =  45°;  and  since 
angle  CAK  =  90°,  the 
remaining  angle  AKC 
must  be  45°;  hence 
angle  ACK  =  angle 
AKC,  .'.  the  tangent 
AK  =  AC  =  radius. 


FIG.  17. 


10.  The  secant  of  60°  is  equal  to  the 
diameter  of  the  circle. 

Let  arc  AF  (fig.  18)  =  60°,  draw  the 
tangent  AK,  and  secant  CK ;  then,  by  (8) 
CG  =  GA  ; 

and  since  FG  is  parallel  to  AK, 
CF  :  FK  :  :  CG  :  GA. 
But  CG  =  GA,  .-.  CF  =  FK ;  hence 

CK  =  2CF  =  2rad.  =  diam. 


The  Sine,  Cosine,  Tangent,  and  Secant  of  30°,  45°,   and  60°,   exhibited 

Arithmetically. 

Let  AD  be  a  quadrant  of  a 
circle,  and  AF,  AH,  AO,  arcs 
of  30°,  45°,  and  60°,  respectively. 
In  tracing  the  value  of  the  sine, 
tangent,  and  secant,  from  A  to  D> 
if  is  evident  that  at  A,  when 
the  arc  =  O,  the  sine  and  tan- 
gent are  each  equal  to  O,  but 
that  the  secant  is  equal  to  radius. 
In  proceeding  from  A  to  D, 
these  lines  keep  continually  in- 
creasing, and  in  such  manner, 
that  at  D  the  sine  of  AD  or 
90°  becomes  equal  to  the  radius 
CD  ;  the  tangent  and  secant  of 
AD  (being  formed  by  the  inter- 
section of  two  lines,  one  drawn 
touching  the  circle  in  A,  the 
other  at  right-angles  to  AC  in 
the  point  C,  and  consequently 
parallel)  become  both  in- 
definitely great.  At  A  the 
cosine  =  CA  =  radius  ;  and  as 
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the  arc  increases,  the  cosine  decreases,  so  that  when  the  arc  becomes 
90°,  the  cosine  is  equal  to  O.  Our  object  at  present  is,  to  find  arith- 
metrically  the  value  of  the  sine,  cosine,  tangent,  and  secant,  at  the 
intermediate  points  F,  H,  O,  on  the  supposition  that  the  radius  is 
equal  to  unity. 

Value  of  sines  FG,  HN,  OP. 

FG  =  sin.  of  30°  =  (by  7,  p.  28)  \  rad.  =  (if  rad.  =  i)  $  =  •  5000000. 

Since  angle  HCN  =  45°,  CHN  also  =  45°,  /.  CN  =  HN  ; 

hence,  CH2  =  (CN2  +  HN2  =  )  2HN2,  or 

PH2  PR  T 

HN2      *1    ;  .-.  HN  =  sin.  45°  =         ^          =  '  707168, 


* 


OP  =  sin.  60°  =  A/CO2-CP2  =  (for  CP  =  i,  by  8,  p.      ) 
V  i  -  J  =  \/$  =       -  =  '  8660254  t 


4 
Value  of  cosines,  CG,  CN,  CP. 

CG  =  cosine  of  30°  =  sine  of  60°  =      ?  =  *  8660254. 

2 

CN  =  cosine  of  45°  =        HN       •*£»«•  7071068. 

V  2 

CP  ==  cosine  of  60°  =sine  of  30°  =         =  •  5000000. 

j& 

Value  of  Tangents  AK,  AL,  AM. 

rad.  x  sin.         ....  .   sin. 

By  8  (p.  12)  tan.=  -      =  (if  rad.  =  i) 

cos.  '  cos. 

sin.  30°       i  2  i 

Hence  AK  =  tan.  30°  =0  =—  x          =     -  =  •  5773503 


sin.  4^°     HN 
AL=  tan.45°  =O=-       =  :  (as  HN  =  CN)  =  1-0000000, 


sin.  60°  ,— 

AM  —  tan    60°  —  -  7  —  =      -    x    -    fJ  ^   —    i  •  7^20^08 
lan.  oo     -  o 


Value  of  Secants  CK,  CL,  CM. 

1-0  f\  2  T 

By  12  (p.  13)  sec.---  =  (if  rad.  =  i) 

cos.  cos. 

Hence  CK  =  sec.  ^o°  =  -  =  i  x     /—  =    /  '"    =  i  • 

cos.  30°  V  3        V  3 


CL  =  sec.  45°  =  =  i  x          =  VI  =x  -4142x36 


^ 

CM  =  sec.  60°  =  -  ^  —  .==  i  x  -^-=  2  =  2-  ooooooo 

cos.  60°       i 

*  For  V  2  —  i  '  4142136   t  For  V  3  =  I  •  7320508. 
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On  finding  the  sines  of  various  arcs,  by  means  of  the  expression  fot 
finding  the  sine  of  half  the  arc. 

By  i  (p.  26)  we  have 

Ver.  sine  of  an  arc  :  chord  : :  chord  :  diameter. 
But  the  chord  of  any  arc  is  equal  to  twice  the  sine  of  i  that  arc, 
and  the  diameter  is  equal  to  twice  the  radius.     Hence  by  substitu- 
tion, 

Ver.  sin.  of  an  arc  :  2  x  sin.  of  $  arc  :  :  2  x  sin.  of  i  arc  :  2  x  radius. 
.*.  4  x  sin.  of  £  arc  2  =  2  x  ver.  sin.  x  rad. 

v.  sin.  x  rad. 
or  sin.  oi  i  arc2  =  


and  sin.  of  i  arc  =        v-  sin-  x  rad- 


If  therefore  the  radius  =  i,  the  sine  of  £  an  arc  is  equal  to  the 
square  root  of  \  the  versed  sine  of  that  arc  ;  and  since  the  versed 
sine  of  an  arc  is  equal  to  rad.  —  cos.  (7.  p.  12),  we  have 


sine  of  ^  arc  A/  - 


i  —  cos. 

2 


Now  cos.  30°  =  -8660254,  /.  sin.  15°  =  V^     '866°254  =  -2588190, 


and  cos.  15°  __  y'l  —  sin?  =  -9659258, 


Hence,  sin.  7°3o'  =  «  ^305262 

2 

cos.  7°3o'  =  etc. 

sin.  3°45'  =  etc. 

And  thus,  by  halving  each  preceding  angle,  we  might  find  the 
value  of  the  sines  and  cosines  of  a  series  of  angles  continually 
decreasing  without  limit.  From  the  cosine  of  45°  we  might  also 
find  the  sine  and  cosine  of  another  series  of  angles,  22°3O/  ;  n°i5/  ; 
etc.,  etc.,  decreasing  in  the  same  manner.  Having  the  sine  and 
cosine  of  an  angle,  its  tangent,  secant,  etc.  may  be  found  from  the 
expressions 

tan.  =     sm*      ;    sec.  =  —  .  ;    cotan.  =  -  ;  andcosec.=  -^  — 
cos.  cos.  tan.  sin. 

The  above  is  merely  intended  to  show  a  simple  method  of 
obtaining  the  numerical  value  of  natural  sines,  cosines,  etc. 

To  facilitate  the  actual  solution  of  problems  in  Plane  and 
Spherical  Trigonometry,  it  is  necessary  to  be  furnished  with  the 
logarithms  of  these  quantities.  To  do  this  would  be  only  to  find  the 
logarithms  of  the  numbers  as  they  stand  in  the  tables,  but  as  those 
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tables  are  calculated  for  radius  unity,  the  sines  and  cosines  are  all 
proper  fractions  ;  their  logarithms,  therefore,  would  all  be  negative. 
To  avoid  this,  the  common  tables  of  logarithmic  sines,  cosines,  etc., 
are  calculated  to  a  radius  of  io10  or  10,000,000,000,  in  which  case 
log.  radius  =  io  x  log.  io  x  (for  log.  io  =  i)  io  x  i  =  10.000000. 

Now,  let  s  =  sine  of  any  arc  to  radius  unity  ;  then,  io10  X  s  = 
sine  of  the  same  arc  to  radius  io10. 

But  log.  io10  x  s  =  io  x  log.  io  +  log.  s  =  io  +  log.  s. 
Hence,  to  find  the  logarithm  of  the  sine  of  any  arc  to  the  radius 
io10,  we  have  only  to  add  io  to  the  logarithm  of  that  sine  when 
calculated  to  the  radius  unity. 


FORMULA    OF    PLANE    TRIGONOMETRY 
EMPLOYED   IN   DETERMINING    HEIGHTS    AND    DISTANCES. 

Right  Angled  Plane  Triangles. 


FIG.  20. 

In  the  right  angled  plane  triangles  CAB  and  EAD  AB  :  BC 
::  AD  :  DE.  Therefore  if  it  be  desired  to  ascertain  the  height  of  a 
peak  DE,  of  which  the  distance  AD  is  known,  this  can  be  found  by 
the  proportion, 

AB  (rad.)  :  BC  (tan.  ang.  A)  :  :  AD  (the  known  distance) :  DE  (the  required  height), 
which  becomes 

AB  x  DE  =  BC  x  AD 
=  DE    =  BC  x  AD 

AB          and  since  AB  is  radius  or  unity, 
it  becomes  DE  =  BC  (or  tan.  A)  x  AD. 

All  right  angled  plane  triangles  may  be  worked  in  a  similar 
manner  to  this,  and  it  often  happens  that  oblique  angled  triangles  can 
be  computed  as  two  right  angled  triangles  after  dropping  a  perpen- 
dicular from  the  angle  opposite  the  hypothenuse  of  the  triangle  on 
to  the  hypothenuse. 
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Oblique  Angled  Triangles  : 
When  a  side  and  its  opposite  angle  are  two  of  the  given  parts. 

Then  the  sides  of  the  triangle  have  the  same  proportion  to  each 
other,  as  the  sines  of  their  opposite  angles  have. 

That  is, 

any  side  :  sin.  of  its  opposite  angle  :  : 

any  other  side  :  sin.  of  its  opposite  angle. 
This  can  be  proved  as  follows  : — 


A   B 


A 

FIG.  22. 


In  the  oblique-angled  triangle  ABC,  let  fall  the  perpendicular 
CD  upon  the  base  (as  fig.  21),  or  upon  the  base  produced  (as  fig.  22); 
then 

radius  :  sin  of  the  angle  CBD, 
sin  of  angle  CAD  :  radius  ; 
the  sin.  of  ang.  CAD  :  the  sin.  of  ang.CBD 
:  :  sin.ang.oppos.to  BC  :  sin.ang.oppos.to  CA 

This  proportion  can  be  conveniently  expressed  by  the  equation  . 

sin.  CAD  (or  CAB) 


The  side  BC  :  the  side  CD 

and  side  CD  :  the  side  CA 

.  '.The  side  BC  :  the  side  CA 


^ 

CA         sin.  CBD  (or  CBA) 

In  the  figure  22,  where  the  perpendicular  CD  falls  upon  the  base 
BA  produced,  the  angle  CAB  is  the  supplement  of  the  angle  CAD  ; 
but  (p.  1  8)  the  sine  of  the  supplement  of  any  angle  is  the  same 
with  the  sine  of  the  angle  itself  ;  in  this  case  therefore  the  sine  of 
CAB  might  be  substituted  for  the  sine  of  CAD,  and  the  proposition 
becomes  general  for  any  plane  triangle. 


34 
This  theorem  can  also  be  proved  thus  : — 

Let  ABC  (fig.  23),  be 
the  proposed  triangle, 
having  AB  the  greater 
side,  and  BC  the  least.  D 

Take  AD  =  BC,  consider- 
ing it  as  a  radius  ;  and  let 
fall  the  perpendiculars 
DE,  CF,  which  will 
evidently  be  the  sines  of  A 
the  angles  A  and,  B  to  FlG-  23- 

the  radius  AD  or  BC.  But  the  triangles  ADE,  ACF,  are  equiangular, 
and  therefore  AC  :  CF  : :  AD  or  BC  :  DE  ;  that  is,  AC  is  to  the  sine  of 
its  opposite  angle  B,  as  BC  to  the  sine  of  its  opposite  angle  A. 

An  angle  found  by  this  rule  is  ambiguous,  or  uncertain 
whether  it  be  acute  or  obtuse,  unless  it  be  a  right  angle,  or  unless 
its  magnitude  be  such  as  to  prevent  the  ambiguity  ;  because  the  sine 
answers  to  two  angles,  which  are  supplements  to  each  other  ;  and 
accordingly  the  geometrical  construction  forms  two  triangles  with 
the  same  parts  that  are  given,  as  in  the  example  below  ;  and  when 
there  is  no  restriction  or  limitation  included  in  the  question,  either  of 
them  may  be  taken.  The  degrees  in  the  table,  answering  to  the 
sine,  is  the  acute  angle  ;  but  if  the  angle  be  obtuse,  subtract  those 
degrees  from  180°,  and  the  remainder  will  be  the  obtuse  angle. 
When  a  given  angle  is  obtuse,  or  a  right  one,  there  can  be  no  am- 
biguity ;  for  then  neither  of  the  other  angles  can  be  obtuse,  and  the 
geometrical  construction  will  form  only  one  triangle. 

This  will  be  clear  from  the  following  : — When  two  sides  and 
the  angle  opposite  the  lesser  side  are  given,  the  case  is  ambiguous,  and  it 


FIG.  24. 
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is  possible  to  have  two  solutions  or  values  for  the  other  parts  ;  as  for 
instance  in  the  triangle  (Fig.  24)  the  angle  C  will  be  ambiguous  or 
may  have  two  values  because  there  could  be  two  different  triangles, 
as  ABC,  and  ABX,  having  the  given  parts  the  same,  while  BC  and 
BX  were  alike.  The  triangle  is  solved  by  the  common  analogy,  viz. 
As  a  :  sin.  A  : :  c  :  sin.  C,  and  C  added  to  A,  and  the  sum  taken  from 
1 80°,  gives  B.  But  C  may  be  either  that  marked  C,  say  57°  or  its  supple- 
ment AXB  123°,  and  consequently  B,  either  94°  or  28°.  Similarly  it 
is  manifest  that  b  may  be  either  of  the  lines  AC  or  AX. 

When  two  sides  and  their  contained  angle  are  given. 
Then  it  will  be 

Sum  of  two  sides  :  difference  of  same  sides  :  :  tan.  £  sum  of  the 
two  opposite  angles  :  tan.  \  difference  of  the  same  angles. 

Hence,  because  the  half  sum  of  any  two  quantities  increased  by 
their  half  difference,  gives  the  greater,  and  diminished  by  it  gives 
the  lesser,  if  the  half  difference  of  the  angles  so  found,  be  added  to 
their  half  sum,  it  will  give  the  greater  angle,  and  subtracting  it  will 
leave  the  lesser  angle. 

Then,  all  the  angles  being  now  known,  the  unknown  side  will 
be  found  by  the  former  theorem. 


FIG.  25. 

Demonstr. — Let  ABC  be  the  proposed  triangle,  having  the  two 
given  sides  AC,  BC,  including  the  given  angle  C.  With  the  centre  C 
and  radius  CA,  the  smaller  of  these  two  sides,  describe  a  semicircle, 
meeting  the  other  side  BC  produced  in  D  and  E.  Join  AE,  AD,  and 
draw  DF  parallel  to  AE. 
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Then,  BE  is  the  sum,  and  BD  the  difference  of  the  two  given 
sides  CB,  CA.  Also,  the  sum  of  the  two  angles  CAB,  CBA,  is  equal 
to  the  sum  of  two  CAD,  CDA,  these  sums  being  each  the  supplement  of 
the  vertical  angle  C  to  two  right  angles  ;  but  the  two  latter  CAD,  CDA, 
are  equal  to  each  other,  being  opposite  to  the  two  equal  sides  CA, 
CD  ;  hence,  either  of  them,  as  CDA,  is  equal  to  half  the  sum  of  the 
two  unknown  angles  CAB,  CBA.  Again,  the  exterior  angle  CDA  is 
equal  to  the  two  interior  angles  B  and  DAB  ;  therefore  the  angle 
DAB  is  equal  to  the  difference  between  CDA  and  B,  or  between 
CAD  and  B  ;  consequently  the  same  angle  DAB  is  equal  to  half  the 
difference  of  the  unknown  angles  B  and  CAB  j  of  which  it  has  been 
shown  that  CDA  is  the  half  sum. 

Now  the  angle  DAE,  in  a  semicircle,  is  a  right  angle,  or  AE  is 
perpendicular  to  AD  ;  and  DF,  parallel  to  AE,  is  also  perpendicular 
to  AD  ;  consequently,  AE  is  the  tangent  of  CDA  the  half  sum,  and 
DF  the  tangent  of  DAB  the  half  difference  of  the  angles,  to  the  same 
radius  AD,  by  the  definition  of  a  tangent.  But  the  tangents  AE, 
DF,  being  parallel,  it  will  be  as  BE  :  BD  ::  AE  :  DF  ;  that  is,  as  the 
sum  of  the  sides  is  to  the  difference  of  the  sides,  so  is  the  tangent  of 
half  the  sum  of  the  opposite  angles,  to  the  tangent  of  half  their 
difference. 

The  sum  of  the  unknown  angles  is  found  by  taking  the 
given  angle  from  180°. 

This  theorem  can  also  be  satisfactorily  proved  as  follows  : — 

Let  ABC  (fig.  24)  be  any  plane  triangle,  then 

a        sin.  A 

6        sin.  B 

a  +  b         sin.  A  +  sin.  B 
a  —  b         sin.  A  —  sin.  B 

A  +  B         A—  B 
but  sin.  A  4-  sin.  B  =  2 sin.  -        -  cos.- 

s~r  £ 

sin.  A  —  sin.  B  =  2  cos.  sin. 


2      (p.  21) 


A+B        A-B 

2sm.  — - —  cos. 

_  2 2_ 

''  A+B        A-B 

2  COS.  : Sin 

2  2 

,      A+B        A-B 
=  tan. — - —  cot. 
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tan. 


tan.  - 


And,  in  like  manner, 


a+c 


tan. 


A  +  B 

2 

B 

2 

A+C 


a  —  c 


b+c 
b-c 


tan. 
tan. 


A-C 

2 

B+C 


Y 


tan. 


_A_ 
B-C 

2      J 


B 


FIG.  26. 


When  the  three  sides  of  the  triangle  are  given. 
Having  let    fall    a    perpendicular    from    the    greatest    angle 
upon  the  opposite  side,  or  base,  dividing  it  into  two  segments,  and 
the  whole  triangle  into  two  right  angled  triangles  ,  it  will  be 

Base  or  sum  of  the  segments  :  sum  of  the  other  two  sides,  :  : 
difference  of  those  sides  :  difference  of  the  segments  of  the  base. 

Then  half  the  difference  of  the  segments  being  added  to  the 
half  sum,  or  the  half  base,  gives  the  greater  segment,  and  the  same 
subtracted  gives  the  less  segment. 

Hence,  in  each  of  the  two  right  angled  triangles,  there  will  be 
known  two  sides,  and  the  angle  opposite  to  one  of  them  ;  conse- 
quently, the  other  angles  will  be  found  by  the  first  theorem. 

Demonstr. — By  Cor.  to  Theorem  II.  (p.  6),  the  rectangle  under 

the  sum  and  difference  of  the  two  sides,  is  equal  to  the  rectangle 
under  the  sum  and  difference  of  the  two  segments.  Therefore  by 
forming  the  sides  of  these  rectangles  into  a  proportion,  it  will  appear 
that  the  sums  and  differences  are  proportional. 


B 


SPHERICAL   TRIGONOMETRY. 

DEFINITIONS. 

1.  A  sphere  is  a  solid  bounded  by  a  surface,  every  point  of 
which  is  equally  distant  from  a  fixed  point,  which  is  called  the  centre. 

2.  The  section  of  the  surface  of  a  sphere  made  by  any  plane 
is  a  circle. 

Let  ADB  (Fig.  27),  be  the 
section  of  any  plane,  D  any 
point  in  the  section  :  From  O 
the  centre  of  the  sphere,  draw 
OC  perpendicular  to  the  plane, 
join  OD,  DC.  Then  because 
OC  is  perpendicular  to  the 
plane,  OCD  is  a  right  angle, 
.-.  CD  =  VOD2  -  OC2;  but 
O  and  C  being  fixed  points,  OC 
is  constant,  and  OD  being  the 
radius  of  the  sphere  is  also  con- 
stant, /.  CD  is  constant,  /.  all 
points  of  the  section  are  equid- 
istant from  C,  which  fulfils  the 
definition  of  a  circle. 

3.  The  Axis  of  any  circle  of  a  sphere  is  that  diameter  of  the 
sphere  which  is  perpendicular  to  the  plane  of  the  circle,  and  the 
extremities  of  this  axis  are  called  the  poles  of  that  circle. 

4.  The  Pole  of  a  circle  is  equidistant  from  every  point  in  that  circle. 
For  (Fig.  28) 

PD  =  VPC2  +  CD2 

but  PC  and  CD  are  both 
constants 

.*.  PD  is  also  constant. 

The  distance  from  the 
pole  to  any  points  in  the 
circle  will  be  equal  whether 
measured  in  a  straight  line  or 
along  the  arc  of  the  circle. 

5.  A  " great  circle"  is  one 
whose  plane  contains  the  centre 
of  the  sphere. 

A  "small  circle"  is  one 
whose  plane  does  not  contain 
the  centre  of  the  sphere.  FIG.  28 


FIG.  27. 


A/- 


B 
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6.  The  arc  of  the  great  circle  intercepted   between  a  great 
circle  and  its  pole  is  a  quadrant. 

Let  O  (Fig.  29)  be  the 
centre  of  the  sphere  :  CD 
a  great  circle  of  which  P 
is  the  pole,  then  PO  is 
perpendicular  to  the  plane 
ADBC,and  POAisaright 
angle,  and  therefore,  since 
O  is  the  centre  of  the 
sphere,  PA  is  a  quadrant. 

7.  The    angle  sub- 
tended at    the  centre  of 

the  sphere  by  the  arc  of  a  FIG.  29. 

great  circle  joining  the  poles   of  two  great  circles  is  equal  to  the 

inclination  of  the  planes  of  the  two  great  circles. 

Let  O  (Fig.  30)  be  the 
centre  of  sphere  :  CD, 
CE  two  great  circles  inter- 
secting in  C,  A  and  B  their 
poles.  Through  A  and  B 
draw  a  great  circle  cutting 
CD  and  CE  in  a  and  b : 
joinOC,Ort,andO6.  Then 
because  A  and  B  are  poles 
of  CD  and  CE,  CO  is  per- 
pendicular to  both  OA  and 
OB,  and  therefore  to  the 
plane  in  which  they  and 
a  and  b  lie;  CO  is  therefore 
at  right  angles  to  Oa  and 
Ob :  therefore  the  angle 
aOb  measures  the  inclina- 
tion of  the  circles.  Now 


7T 


=       =    BO6, 


b 


therefore  AOB  =  AOa  —  FIG.  30. 

BOa  =  BO  b    —    BOa    =    aQb,    therefore     AOB    measures    the 

inclination. 

8.  Two  great  circles  bisect  one  another.  For  since  the  plane 
of  each  great  circle  contains  the  centre  of  the  sphere  the  inter- 
section of  those  planes  is  a  diameter  and  hence  also  a  diameter  of 
each  great  circle. 
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9.  Great  circles  which  contain  the  poles  of  a  great  circle  are 
called  "secondaries"  to  that  great  circle. 

10.  The  angle  between  any  two  great  circles  is  measured  by  the 
arc  they  intercept  on  the  great  circle  to  which  they  are  secondaries. 

1 1 .  A  polar  triangle  is  the  triangle  formed  by  the  arcs  of  great  circles 
intercepted  between  the  poles  of  the  sides  of  the  primitive  triangle. 

If  ABC  (Fig.  31)  be  any 
spherical  triangle  and  A',  B', 
C  be  the  poles  of  BC,  AC,  AB 
respectively,  then  A'B'C  is 
the  polar  of  A,  B,  C. 

N.B.— The  poles  A',  B', 
C'  are  assumed  to  lie  on  the 
same  side  of  the  sides  to 
which  they  are  poles,  as  the 
opposite  angle  A,  B,  C. 

12.  If   one  triangle   be 
the    polar    of   another,   the 
latter  will   be  the  polar   of 
the  former.     For  since  B'  is 

the   pole   of  AC,   AB'  is   a  FIG.  31. 

quadrant,  and  since  C'  is  the  pole  of  AB,  AC'  is  a  quadrant.     Hence 

A  is  the  pole  of  B'  C'  and  similarly  for  the  others. 

13.  The  sides  and  angles  of  the  polar  triangle  are  the  supple- 
ments of  the  angles  and  sides  respectively  of  the  primitive  triangle. 

For  since  A  (Fig.  32)  is  the  pole  of  B'C,  the  angle  BAG  is 
measured  by  the  arc  DE  :  but  B'E  and  CD  are  quadrants, 
/.  B'E  +  CD  =  180°.  Now  the  angle  BAG  =  DE  =  B'E  +  CD 
-  B'C  -  1 80°  -  B'C  and  similarly  for  the  other  angles. 

14.  Any  two  sides  of  a 
spherical    triangle    are    to- 
gether greater  than  the  third 
side.     For  any   two  of  the 
plane    angles    forming    the 
solid  angle  at  O  (Fig  33)  are 
together    greater    than    the 
third  (Euc.  xi.  20),  therefore 
any  two  of  the  arcs  AB,  BC, 
CA    are    together    greater 
than  the  third. 

15.  The    sum    of     the 
three  sides    of   a    spherical 

triangle    is    less    than    the  FlG 


circumference  of  a  great  circle.     For  the  sum  of  the  plane  angles 
forming  the  solid  angle  at  O  (Fig.  33)  is  less  than  four  right  angles 

(Euc.  xi.  21)  /.      *   +  +-*  is  less  than  27T  (Fig.  33),  /.  AB 


.6' 


+  BC  +  CA  is  less  than  2ir  x  OA  or  is  less  than  the  circumference 

of  a  great  circle  of  a 

sphere. 

16.  The    three 
angles  of  a  spherical 
triangle  are  together 
greater     than     two 
right  angles  and  less 
than  six  right  angles. 

LetA,B,Cbethe 
angles  of  a  spherical 
triangle  and  a'fi,c  FlG-  33- 

the  sides  of  its  polar  triangle  :  then  (by  15)  a  +  &'  +  c  is  less  than 
360°,  .-.  180°  --  A  +  180°  -  B  +  180°  -  C  is  less  than  360°  or  A  +  B  +  C 
is  greater  than  180°,  and  since  each  of  them  is  obviously  less  than 
1  80,  their  sum  must  be  less  than  540°  or  six  right  angles. 

17.  The  angles  at  the  base  of  an  isosceles  spherical  triangle  are 
equal  to  one  another. 

1  8.     If  two  angles  of  a  spherical  triangle  are  equal  the  opposite 
sides  are  equal. 

19.  The  greater  angle  is  opposite  the  greater  side  and  vice  versa* 

20.  The  relation  P 
between  the  arc  of 

the  great  circle  sub- 
tending any  angle  at 
the  centre,  and  that 
of  a  small  circle 
parallel  to  it  sub- 
tending the  same 
angle  at  its  centre  is 
as  one  to  the  sine  of 
the  polar  distance  to 
the  latter. 

Let  A  B,  ab 
(Fig.  34)  be  the 
arcs,  O  and  C  the 
centres  of  the  sphere 
and  small  circle 
respectively;  P  the 

FIG.  34. 
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pole  of  the  great  circle  AB.  Join  OA,  OB,  Oa,  O6,aC  and  bC  ; 
Cfl,C6,OA,  OB,  are  all  at  right  angles  to  OP,  and  Ca  is  parallel  to 
OA,  and  Cb  to  OB,  and  the  angle  aCb  =  the  angle  AOB, 


arc  ab  arc  AB 

radius  Cb       radius  AO 


and 


arcAB  _AO^ 

arc  ab     'CTT'sin.POb 


SOLUTION  OF  OBLIQUE  ANGLED  SPHERICAL  TRIANGLES. 

The  angles  A,B,  and  C  (Fig.  35)  are  measured  by  the  inclinations  of 
planes  containing  them,  and  the  sides  «,6,c,  by  the  angles  they 
severally  subtend  at  the  centre  of  the  sphere. 


Q 


FIG.  35- 


From  any  point  P  in  OA  draw  PM  at  right  angles  to  BOC,  and 
though  PM  draws  planes  perpendicular  to  OB,  OC,  cutting  these 
lines  in  Q  and  R  ;  then  PQM  and  PRM  are  measures  of  the 
inclinations  of  the  planes,  and,  therefore,  of  the  angles  B  and  C. 
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Now  from  the  triangle  PQM,  sin.  B  = 
and  from  the  triangle  PRM,    sin.  C  = 
„  „         POQ,     sin.  c  = 

„  „         POR,     sin.  b  = 

PM 


hence  multiplying 


PM 

PQ 
PM 

PR 

PO- 
OP 

PR 
OP 


T»   •          •*•  AVA    -^  y 

sin.  B  sin.  c  =^^  x 


PM 
PQ 


PM     PR        .      ~    .      , 
x  ^^-  =  sin.  C  sm.  b 


OP~OP  'PR  AOP 

.-.  sin.  B  sin.  c  =  sin.  C  sin.  b  (i) 

and  similarly  sin.  A  sin.  b  —  sin.  B  sin.  a (ii)  $•  A 

and  sin.  C  sin.  a  =  sin.  A  sin.  c  (iii) 


whence 


sin.  A     sin.  a 


&c. 


sin.  B     sin.  6 

i.e.,  the  sines  of  the  sides  of  a  spherical  triangle  are  proportional  to 
the  sines  of  the  opposite  angles. 


FIG.  36. 

Now  through  any  point  Q  in  OB  (Fig.  36)  draw  a  plane  perpen- 
dicular to  OB  ;  then  PQR  measures  the  angle  B,  and  POR  measures 
the  side  6,  and  in  the  triangles  PQR,  POR,  PR2  =  PQ2 +QR2-2?Q. 
QR  cos.  PQR,  and  PR2  =  OP2  +  OR2  -  2OP.OR  cos.  POR  (p.  10). 

NOTE. — In  a  pocket  at  the  beginning  of  the  book  will  be  found  a  folding  cardboard  model  which  will 
show  the  connection  between  plane  and  spherical  trigonometry  more  clearly  than  can  be  done  by  a 
diagram  only.  The  lettering  upon  it  is  similar  to  that  of  fig.  36,  and  it  should  now  be  referred  to  as 
by  its  means  the  development  of  the  fundamental  formulae  of  spherical  trigonometry  will  be  readily 
followed. 
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.-.  2OROR  cos.  b  =  OP2  -  PQ2  +  OR2  -  QR2  +  2PQ.QR  cos.  B 
=  2OQ2  +  2PQ.QR  cos.  B 
,      OO     OO     PQ    OR 


i.e.,  cos.  6  =  cos.  c  cos.  a  +  sin.  c  sin.  a  cos.  B 

similarly  cos.  a  =  cos.  b  cos.  c  +  sin.  b  sin.  c  cos.  A  ...  >    B 

and  cos.  c  =  cos.  a  cos.  6  +  sin.  a  sin.  6  cos.  C 

which  formulae  give  the  relations  between  one  angle  and  three  sides 

of  a  spherical  triangle. 

These  formulas  can  be  used  to  determine  the  3rd  side  of  a 
triangle  when  the  other  two  sides  and  the  included  angle  are  given. 
For  this  purpose  calculate  the  numerical  value  of  say  — 

cos.  b  cos.  c  ") 

.    f   the  sum  of  the  two  is  the  natural  cosine  of  a. 
sm.  b  sin.  c  cos.  A  C 

In  doing  this,  great  attention  must  be  paid  to  the  signs  of  the 
cosines,  which  enter  into  the  expression. 

From  formula  B  above, 

cos.  a  =  cos.  6  cos.  c  +  sin.  b  sin.  c  cos.  A, 

but  in  the  Polar  triangle  A'B'C 

a  —  TT  —  A',  b  =  TT  —  B',  c  =  TT  —  C', 

A  =  TT  —  a  ,  B  =  TT  —  b',  C  =  TT  —  c', 

.*.  by  simple  substitution 

COS.  (TT  —  A')  =  COS.  (TT  —  B^  COS.  (TT  —  C^  + 

sin.  (TT  —  B')  sin.  (TT  —  C)  cos.  (TT  —  a), 
i.e.,  —  cos.  A'  =  cos.  B'  cos.  C'  —  sin.  B'  sin.  C'  cos.  a. 
Therefore,  as  the  Polar  triangle  is  equally  a  spherical  triangle 
this  may  be  written, 

cos.  A  =  —  cos.  B  cos.  C  +  sin.  B  sin.  C  cos.  a  \ 
Similarly  cos.  B  =  —  cos.  A  cos.  C  +  sin.  A  sin.  C  cos.  6  >  C 

and  cos.  C  =  —  cos.  A  cos.  B  +  sin.  A  sin.  B   cos.  c) 
N.B.  —  This    method   is    applicable    to    all   spherical    triangle 
formulae. 

From  B  again 

(i)  cos.  a  —  cos.  b  cos.  c  +  sin.  b  sin.  c  cos.  A 

(ii)  cos.  6  =  cos.  a  cos.  c  +  sin.  a  sin.  c  cos.  B 

multiplying  (i)  by  cos.  c  and  transposing  (ii) 

(iii)  cos.  a  cos.  c  =  cos.  b  cos?  c  -f  sin.  b  sin.  c  cos.  A  cos.  c 

and  (iv)  cos.  a  cos.  c  -f  sin.  a  sin.  c  cos.  B  =  cos.  6, 

Subtracting  (iii)  from  (iv) 

sin.  a  sin.  c  cos.  B  =  cos.  b  (i  —  cos?  c)  —  sin.  b  sin.  c  cos.  c  cos.  A 
=  sin?  c  cos.  b  —  sin.  6  sin.  c  cos.  c  cos.  A 
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Dividing  by  sin.  c 

sin.a  cos.  B  =  sin.  c  cos.  b  —  sin. 
Similarly   sin.  a  cos.  C  =  sin.  b  cos.  c  —  sin. 

sin.  b  cos.  A  =  sin.  c  cos.  b  —  sin. 

sin.  b  cos.  C  =  sin.  a  cos.  c  —  sin. 

sin.  c  cos.  A  =  sin.  b  cos.  a  —  sin. 

sin.  c  cos.  B  =  sin.  a  cos.  b  —  sin. 
Now  from  D  (i)  and  A  (ii) 
(i)  sin.  a  cos.  B  =  sin.  c  cos.  b  —  sin.  b 

/..N    sin.  a  sin.  B        .      , 
(n)  =  sin.  b 

sin.  A 

Dividing  (i)  by  (ii) 

sin.  A  cot.  B  =  sin.  c  cot.  b  — 

and  similarly  sin.  A  cot.  C  —  sin.  b  cot.  c  — 

sin.  B  cot.  A  =  sin.  c  cot.  a  — 

sin.  B  cot.  C  =  sin.  a  cot.  c  — 

sin.  C  cot.  A  =  sin.  b  cot.  a  — 

sin.  C  cot.  B  =  sin.  a  cot.  b  — 


b  cos.  c  cos.  A  (i) 

c  cos.  b  cos.  A  (ii) 

a  cos.  c  cos.  B  (iii) 

c  cos.  a  cos.  B  (iv) 

a  cos.  6  cos.  C  (v) 

b  cos.  a  cos.  C  (vi) 

cos.  c  cos.  A 


cos.  c  cos.  A  (i) 

cos.  b  cos.  A  (ii) 

cos.  c  cos.  B  (iii) 

cos.  a  cos.  B  (iv) 

cos.  b  cos.  C  (v) 

cos.  a  cos.  C  (vi) 


E 


To   convert   the   above   formula  into   a  form   convenient   foi 
logarithmic  computation. 

i.     Given  two  sides  and  the  included  angle,  viz.,  3,  c,  and  A. 
To  find  a  : — 

From  formula  B 

cos.  a  =  cos.  b  cos.  c  +  sin.  b  sin.  c  cos.  A 
—  cos.  b  (cos.  c  +  sin.  c  tan."b  cos.  A) 
Let  tan.  6  —  tan.  b  cos.  A 

cos.  c  cos.  0  +  sin.  c  sin.  0 


then  cos.  a  —  cos.  6 


cos. 


cos.  b            /       '  &\  \ 

•  cos.  (c  —  V) a 


cos.  6 
To  find  B  (or  C) 

From  formula  E 

sin.  c  cot.  b  —  cos.  c  cos.  A 


cot.  B  =: 


sin.  A 

sin.  c 


=  COS.  A    (tan,  b  cos.  A  —    COS.  c) 

sin.  A 
let  tan.  6  =  tan.  b  cos.  A 

sin.  c  cos.  6  —  cos.  c  sin.  0 


then  cot.  B  =  cot.  A 

cot.  A 
sin.  6 


sin.  0 


.      ,         ~ 
sin.  (c  —  0) 

' 


F 
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II.     Given  two  sides  and  the  angle  opposite  one,  viz.,  a,  3,  A. 
To  find  c  :- 

From  formula  F  (a)  above, 

/        ^      cos.  a  cos.  6 
cos.  (c  —  0)  =  - 

cos.  b 

let  c  -  0  =  & 

.  u  /y       cos.  a  cos.  0 

then  cos.  v  = -, 

cos.  b 

and  c  =  0  ±  &          ) 

The  double  sign  is  owing  to  the  angle  &  being  determined 
by  its  cosine,  because  cos.  &  =  cos.  (— &)  both  being  positive. 

To  find  C  (or  B)  :— 

From  E,  cot.  a  sin.  b  =  cos.  b  cos.  C  4  sin.  C  cot.  A 

i  /  /~*     i   COt.  x*      .        /~i\ 

=  cos.  b  (cos.  C  4 -.  sin.  C) 

cos.  b 

cot.  A 

let  tan.  <j>  = . 

cos.  b 

then  cot.  a  sin.  b  =  cos.  b  (cos.  C  +  tan.  <£  sin.  c) 

,  cos.  C  cos.  <f>  +  sin.  C  sin.  <j> 

=  cos.  b ; • 

cos.  <f> 

cos.   b  cos.  (C  — 

cos.  <f> 
or  cos.  (C  —  <£)  =  cos.  <{t  cot.  a  tan.  b 

Let  (C  -</>)  =  <£' 
then  cos.  <j>  =  cos.  <J>  cot.  a  tan.  6 


and  C  =  <j>  ±  <£' 
Ambiguity  as  in  last  case. 

Determination  by  inspection  of  the  possibility  or  ambiguity  in  the 
foregoing  solution. 

1.  There  is  but  one  solution  when   the  side  opposite  to  the 
given  angle  differs  less  from  90°  than  the  other  given  side,  otherwise 
there  are  two  solutions. 

2.  The  problem  is  impossible  : — 

(i)  When  the  side  opposite  the  given  angle  differs  more  from 
90°  than  the  other  given  side,  and  yet  is  not  in  the  same  quadrant  as 
the  given  angle. 

(ii)   When  sin.  a  is  less  than  sin.  b  sin.  A. 
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III.     Given  the  three  sides,  viz.  a,b,c, 
to  find  A  (BorC). 

By  formula  B  (p.  44) 
cos.  b  cos.  c  +  sin.  b  sin.  c  cos.  A = cos.  a 
.'.  sin.  b  sin.  c  cos.  A  =  cos.  a  —  cos.  b  cos.  c 

A        cos.  a  —  cos.  6  cos.  c 

and  cos.  A  = : — : — : 

sin.  b  sin.  c 

This  formula  is  important  and  should 
be  committed  to  memory.  It  is  not,  how- 
ever, adapted  to  logarithmic  calculation. 

But  (by  13,  p.  25) 

A 

I   +  COS.  A   =   2  COS?  

2 

Therefore    adding    unity   to   both 
sides  of  the  equation, 

^       «  A^__  cos,  a  —  (cos,  b  cos,  c  —  sin,  b  sin.  c)* 

2  sin.  6  sin.  c 

but  by  C  (p.  20)  cos.  b  cos.  c  —  sin.  b  sin.  c  =  cos.  (6  + 

A       cos.  a  —  cos.  (6  + 


/.  2  COSf    —  : 

2 


... 

sin.  6  sin. 


-which  (by  8,  p.  21) 


6  +  c  +  <?    .      b  -\-  c  —  a 
2  sin.  — : —  sin.  — • . 


sin.  b  sin.  c 

sin.  6  +  c  +  a.     6  +  c 

! ! —  sm.  — — — 

,          2  A  2  2 

and  cos?  — = : — = — : 

2  sin.  b  sin.  c 

...               a  +  b  +  c 
or  putting  s  = ^^_ 


cos 


a 


,A  =  A/sE-ZEzL^?^ ^Trrrrrrrrryrnr m    ^ 

sin.  6  sin.  c 


Again,  (by  n,  p.  24) 


i  —  cos.  A  =  2  sin? 


A 


therefore 


I -cos.  A,  or  2  sin? 


,  A       (cos.  b  cos.  c  +  sin.  b  sin.  c)  —  cos.  a 


sin.  6  sin.  c 
and  since  cos.  b  cos.  c  +  sin.  6  sin.  c  —  cos.  (6  —  c) 

cos.  (6  —  c)  —  cos.  « 
2  sin?  A  =       — *-. — ^-. 

sin.  b  sm.  c 


H 


*  To  prove  this  by  figures. 

6-8-2 

1+6  =  8-2  +  1 
i  +  6  =  8  -  (2  -  i) 


t  This  is  clearly  the  case  for 

6  =  8-2 
i  _  6  =  (2  +  i)  -  8 
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But  (by  8,  p.  21) 

/r         \                                 a  +  (b  —  c)     .      a  —  (b  —  c) 
•cos.  (b  —  c)  —  cos.  a  —  2  sin. : — ^ '—  sin. 2 1 

'  H 


2  2 


.'.  sin? 


b  -\-  a  —  c    *     a  —  b  -\-  c 
:.  —  2  sin. ' sin. 

2  2 

sin.  a  -\-  b  —  c    •     a  —  b  4-  c      /..N 
! sin. ! (n) 

A  2  2 


Putting  s  = 


sin.  b  sin.  c 
a  +  b  -f  c 


A       A  /sin.  (s  —  b]  sin.  (s  — 

sin.  -    =  /V  * -j * 

2  sin.  b  sin.  c 

And,  dividing  (iii  H)  by  (i  H)  we  have 

tan.  £  =  Vsin-  (s  -  6>  si"'  ('  ~  c)  (iv) 

2  sin.  s  sin.  (s  —  a)  J 

N.B. — If  the  required  angle  be  less  than  90°  it  will  be  found  most 

A  A 

accurately  by  the  sin.  --  formula,  for  -  -will  be  less  than  45°,  and  the 

— •  -^ 

sine  then  varies  more  rapidly  than  the  cosine  :    If  A  be  greater  than  90° 

A 
it  is  better  to  use  the  cosine  formula.     By  using  the  tan.—-  formula, 

however,  the  result  is  always  accurate,  and  when  all  the  angles  are 
required  it  gives  the  least  work.  No  ambiguity  can  occur  with  these 
formulae  since  the  half  angle  cannot  be  greater  than  90°. 


IV.     To  find  A,  B  or  C  as  whole  angles. 

It  may  be  convenient  to  find  A,  B  or  C  as  a  whole  angle,  and 
the  fundamental  formula  may  be  adapted  as  follows  : — 

Re-arranging  formula  B  as  previously  (p.  47). 

A        cos.  a  —  cos.  b  cos.  c 

cos.  A  =  : r 

sin.  b  sin.  c 

Let  M  be  an  auxiliary  angle  such  that 
cos.  M  —  cos.  b  cos.  c 

cos.  a  —  cos.  M 


then  cos.  A  = 


sin.  b  sin.  c 
cos.  M  —cos.  a 
sin.  b  sin.  c 

M  +  a    .     M  -  a 
2  sin. —  sin. 

2  2 f 

sin.  b  sin.  c  J 


or  let  cot.  M  = 
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cos.  b  cos.  c 


sin.  a 


cos.  M    • 
cos.  a  — — :  sin.  a 

A  sin.  M 

then  cos.  A  =  — 


sin.  b  sin.  c 
sin.  M  cos.  a  —  cos.  M  sin.  a 

sin.  b  sin.  c  sin.  M 

=       sin  (M  -  a)  ) 

sin.  b  sin.  c  sin.  M  5 


Napier's  Analogies. 

To  express  the  tangent  of  the  sum  and  difference  of  two  angles  of 
a  spherical  triangle,  in  terms  of  the  sides  opposite  to  these  angles,  and 
the  third  angle  of  the  triangle. 

As  before 

A        cos.  a  —  cos.  b  cos.  c  /  x 

cos.A=—   : — - (i) 

sin.  b  sm.  c 
And 

cos.  c  —  cos.  a  cos.  b 


cos.  C  = 


sin.  a  sin.  b 
.'.  cos.  c  =  cos.  a  cos.  b  -f-  sin.  a  sin.  b  cos.  C (2) 

Substituting  this  value  of  cos.  c  in  Equation  (i) 

cos.  a  —  cos.  a  cos?  b  —  cos.  6  sin.  a  sin.  6  cos.  C 

cos.  A  =    : — = — : 

sm.  b  sm.  c 

cos,  a  (i  —  cos?  6)  —  cos,  b  sin,  a  sin,  b  cos.  C 

sin.  b  sin.  c 

cos.  a  sin.  b     •  cos.  6.  sin,  a  cos.  C (3) 

sin.  c 

In   like  manner,  substituting  the  value  of  cos.  c  in  Equation 
(2)  in  the  expression  for  cos.  B,  we  shall  find, 

cos.  b  sin.  a  —  cos.  a  sin.  b  cos.  C  (d) 

cos.  B  = : 

sin.  c 

Adding  Equations  (3)  and  (4)  : 

»    ,  -D sin.  a  cos.  &  +  sin.  b  cos.  a — (sin.  a  cos.  b  +  sin.  b  cos,  a  cos.  C). 

COS.  /\  ~T~  COS.  .D  —  • 

sin.  c 

_sin.  (a  -\-  b)  —  sin.  (a  -f  /?)  cos.  C 

sin.  c 

_sin.  (a  +  6)  (i     •  cos.C) (5) 

sin.  c 


Again  by  (iii)  Formula  A  (p  43)  we  have, 
sin.  A  sin,  a 

sin.  B  sin.  b 

.'.  sin.  A  +  sin.  B  sin,  a  +  sin,  b 

sin.  B  sin.  6 

•y^ 

/.  sin.  A  ±  sin.  B    =  (sin.  a  ±  sin.  b)    .   ' 

sm.  b 

(•  •      i  \  sin.  \*> 

sm.  a  ±  sm.  b) 
sin.  c    .....................  (6) 

Dividing  Equation  (6)  by  Equation  (5),  and  taking  first  the  positive 
sign  : 

sin.  A  +  sin.  B  sin,  a  +  sin,  b  sin.  C 

cos.  A  +  cos.  B  sin.  (a  +  b)  i    -  cos.  C 

A  +  B         A-B  a  +  b         a  -  b 

2  sin.  —  -  -  cos.-  -          2  sin.  —  —  cos.  - 

/.(by  p.  21)  2  _  *       «  _j  _  C 

A  +  B        A-B  ^  +  6        a  +  &  cot 

2  COS.  —  -  -  COS.  -  2  Sin.  —  J-J-  COS.  —  — 


cos. 


COS. 


2 

Again,  dividing  Equation  (6)  by  Equation  (5),  and  taking  the 
negative  sign  : 

sin.  A  —  sin.  B  sin.  a  —  sin.  b      sin.  C 

cos.  A  +  cos.  B  sin.  (a  +  b)       i—  cos.C 

A-B         A+B  a-b         a  +  b 

2  sm.  -  cos.  —  !  —  2  sin.  -  cos.  —  =  — 

_  2  _  2_       =     _  2  _  2_        sin.C 

A—  B         A+B  a+  b         a+b'      -cos  C 

2  cos.  -  cos.  —I-  —  2  sin.  —  -  —  cos.  —  !— 


sin. 
/.tan.  A~B     = 
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a  —  b 


«  + 
sin.  —  ' 


We  have  thus  obtained  the  required  expression,  viz. 

a  —  b 
A    .    o      cos.  -  A 

A   +   D  2 

tan.  -  —  =  - 


a 
cos. 


2 

a  —  b 


. 

A-D      sin.  - 
—  r>  2  p 

tan-       —  —          cot    - 


sm. 


To  express  the  tangent  of  the  sum  and  difference  of  two  sides  of  a 
spherical  triangle,  in  terms  of  the  angles  opposite  to  them  and  the 
third  side  of  the  triangle. 

Let  A,  B,  C,  a,  b,  c,  be  the  sides  and  angles  of  a  spherical 
triangle,  A',  B',  C',  a',  b',  c',  the  corresponding  parts  of  the  polar 
triangle,  then  by  expression  (5), 

a'  -  b' 

A'  +  B'       cos--  —  c' 

tan.-  ,  cot. — 

2  a  +  b  2 

cos.— 

2 

(i8o°-A)-(i8o°-B) 
180°  —  a  +  180°  —  b  2  (180°  —  c 

*      T^l  T\  *""""  *»-^A       ^ 

2                          (i8o°-A)+(i8o°-B) 
cos. 


2 


,x  /COS.  100° \ 

tan.  liJto-  -— ±-      =        ^p-g  cot.  (90°  -- 1] 

\  /  \  cos.  180°  —  ' 


cos. 

A  -  B 

,        cos. 

,  d   +    b  2  C 

/.  tan. =  T — ; — 75  tan.  - 

2                    A  -f  B          2 
cos. 

Again  a  —  b' 

A'  -  B'  ~  c' 

tan. =  ,         ,  cot.  - 

2  a   4-  o  2 


sin. 


2 

(i8o°-A)-(i8o°-B) 


.•.tan, - — s *•* ,  0  . — AX  ,  ,  o  a — ^r  cot. 

2                       .     (180°  — A) +  (180°  — B)  2 

sin. 

2 

.     A  -  B 

,        sin. 

a  —  b  2  c 

.'.  tan.-          -  = ^ — ; — t)  tan.— 

2                   A  +  B          2 
sin. 

2 

We  have  thus  obtained  another  group  of  formulae  analogous  to  the  last. 

A  -  B 

,        cos. 

a  -f  b  2  c 

tan. =  ^ — : — ^  tan.  —  ,.v 

2  A    +   B  2   (l) 

COS. 


sin. 


2 

A  -  B 


T  Oil*. 

a  —  b  2  c 

tan. =  T — : — 5  tan.  —  .... 

A  +  B         2 (11) 


sin. 
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SOLUTION  OF  RIGHT-ANGLED  SPHERICAL  TRIANGLES. 

The  formulae  for  right-angled  spherical  triangles  can  be  found 
from  A  to  E  (pp.  43-45)  by  putting  C  =  90°,  as  follows  :- 

1.  From  formula  B 

cos.  c  =  cos.  a  cos.  b  +  sin  a  sin  b  cos.  C, 
but  cos.  C  =  cos.  90°  =  o 
/.  cos.  c  =  cos.  a  cos.  b. 

2.  From  formula  C  transposing  as  previously. 

cos.  C  -f  cos.  A  cos.  B 

COS.    C     =     r-!— - r- 

sm.  A  sin.  B 

but  cos.  C  =  cos.  90°  =  o 
.-.  cos.  c  =  cot.  A  cot.  B. 

3.  From  formula  A,  by  transposing. 

sin.  A  sin.  c 

sin.  a  =  : — -• 

sin.  C. 

but  sin.  C  =  sin.  90°  =  i 
/.  sin.  a  =  sin.  A  sin.  c. 

4.  From  formula  E. 

sin.  B  cot  C  =  sin.  a  cot.  c  —  cos.  a  cos.  B 
but  cot.  C  =  cot.  90°  =  o 
/.  sin.  a  cot  c.  =  cos.  a  cos.  B. 

i.e.  tan.  a  =  tan.  c  cos.  B. 

5.  From  formula  E  again. 

sin.  C  cot.  A  =  sin  b  cot.  a  —  cos.  b  cos.  C 
put  sin.  C  =  i,  cos.  C  =  o 
then  cot.  A  —  sin.  b  cot  a 
or  tan.  a  =  tan.  A  sin.  b. 

6.  From  formula  C. 

cos.  A  —  —  cos.  B  cos.  C  +  sin.  B  sin.^C  cos.  a 
put  cos.  C  =  o,  sin.  C  =  i 
.*.  cos.  A  —  cos.  a  sin.  B. 

The  above  may  be  collated  as  follows  : — 

1.  Cos.  hypothenuse  =  product  of  cosines  of  sides 

2.  „  „  „        cotangents  of  angles 

3.  Sine  of  side  =  product  of  sine  of  opp.  ang.  and  sine  hypt   , 

4.  Tan.       „  „          tan.  hypt.  and  cos.  included  ang. 

5.  „          „  „          tan.  opp.  ang.  and  sine  other  side 

6.  Cos.  of  angle  =          „         cos.  opp.  side  and  sine  other  ang. 
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Napier's  Rules  of  Circular  Parts. 

The  foregoing  formulae  are  more  easily  remembered  by  "  Napier's 
Rules  of  Circular  Parts."  In  a  right  angled  spherical  triangle  there  are 
5  so-called  "  circular  parts,"  viz.,  2  sides,  the  complements  of  the  2 
angles,  and  the  complement  of  the  hypothenuse,  the  right  angle 
being  left  out  of  consideration. 

These  are  written  down  in 
the  5  divisions  of  the  circle 
in  the  order  in  which  they 
occur  in  the  triangle  ;  any  one 
may  be  taken  as  the  middle 
part,  then  the  two  on  either 
side  are  called  the  adjacent 
parts,  and  the  other  two  the 
opposite  parts  ;  then  the  rules 
are  : — 

Sine  middle  part  —  product 
of  tangents  of  the  adjacent  parts. 

Sine  middle  part  =  product 
of  cosines  of  the  opposite  parts. 


FIG.  38. 


The  formula  suitable  for  the  6  possible  solutions  required  for  a 
right  angled  spherical  triangle  are  as  follows,  C  being  the  right 
angle  : — 

I.     Given  c  and  A. 

To  find  a,  sin.  a  =  sin.  c  sin.  A 
„  6,  tan.  b  —  tan.  c  cos.  A 
„  B,  cot.  B  =  cos.  c  tan.  A 


II.     Given  c  and  a. 

To  find  A,  sin.  A 
„  B,cos.  B 
„  6,  cos.  b 


sin.  a  cosec  c  (i) 
tan.  a  cot.  c  (ii) 
cos.  c  sec.  a  (iii) 


As  the  sine  varies  more  rapidly  when  the  angle  is  near  o°,  and  the 
cosine  when  near  90°,  the  above  formulas  O  for  finding  A  and  b  are 
only  accurate  when  A  is  not  nearly  90°  and  when  b  is  large,  but  not 
near  180°  (or  what  is  the  same  thing,  when  c  and  a  are  not  nearly 
equal  to  one  another).  When,  however,  this  is  the  case,  the  following 
formulae  should  be  used  : — 
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T-»  n  /-\      •         A  sm-  a 

From  P  (i)  sin.  A.   =—  : 


—  sin.  A 


sin.  c 
sin,  c  —  sin,  a 
+  sin.  a 

=  tan? 


i  +  sin.  A  sin.  c 
i  —  sin.  A 
i  +  sin.  A 

c  -\-  a    .     c  —  a 
and  sin.  c  —  sin.  a  —   2  cos. sin. 

2  2 

and  sin.  c  +  sin.  a  =  2  sin.  C    _      cos. (p.  21) 


f  A\ 

•    tan3      l/ie0  -  W 

. .  tan.     145  —  - 

\  2j 


tan. 


2 

c  —  a 


tan. 


c  -\-  a 


which  gives  a  more  accurate  result  when  A  is  nearly  90°. 

Again,  from  P  (iii). 

cos.  b       cos.  a  —  cos.  c 


cos.  b 


)S'  c  or  ! 


cos.  a        i  +  cos.  6       cos.  «  -f-  cos.  c 


but,  *  ~  COS-  *  =  tan?  L. 

I   +  COS.  b  2 


,     2 
.*.  tan.   —  •  —    — 


cos.  c  —  cos.  a 
- 

cos.  c  -\-  cos.  a 


now,  cos.  c  —  cos. 


c  -4-  a    .     c  —  a 
=    —  2  sin.  —  !  -  sin.  - 


and,  cos.  c  +  cos.  a  =  2  cos.  — — —  cos. 


L     3  b  c  + 

.'.  tan?  —  =  tan.  —  ! 

22 


2 

a 


, 
tan. 


2 

c  —  a 
2 

—  a 


\ 


•0) 


Q 


which  should  be  used  when  b  is  small,  or  near  180°. 

III.  Given  A  and  a. 

To  find  c,  sin.  c  —  cosec.  A  sin.  a (i) 

„      „    6,  sin.  b  =  cot.  A  tan.  b (ii)  ^  R 

„      „  B,  sin.  B  =  cos.  A  sec.  b (iii) 

Here  there  are  always  two  solutions,  since  all  the  parts  are 
determined  from  their  sines,  and  the  ambiguity  is  not  removed  by 
the  principles  given  hereafter. 

IV.  Given  A  and  b. 

To  find  B,  cos.  B  =  sin.  A  cos.  b (i) 

„      „       a,  tan.  a  =  tan.  A  sin.  b (ii)   >   S 

„      „       c,  cot.  c  —  cos.  A  cot.  b (iii) 
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V.  Given  a  and  6. 

To  find  c,  cos.  c  =  cos.  a  cos.  6 (i) 

„      ,,  A,  cot.  A  =  cot.  a  sin.  b (ii)    }•  T 

„      „  B,  cot.  B  =  sin.  a  cot.  b (iii)  J 

VI.  Given  A  and  B. 

To  find  c,  cos.  c  =  cot.  A  cot.  B (i)  *\ 

„      „    «,  cos.  a  —  cos.  A  cosec.  B (ii)   >  U 

,,      ,,    b,  cos.  b  =  cosec.  A  cos.  B (iii)  ) 

As  in  oblique,  so  in  right  angled  spherical  triangles,  a  required 
part  may  sometimes  be  found  by  its  sine  and  will  have  two  values  ; 
but  the  ambiguity  may  be  removed  by  either  of  the  two  following 
principles. 

1.  In   a  right  angled   spherical  triangle   an    angle    and    its 
opposite  side   are   always  in  the  same  quadrant,  i.e.,  either  both 
greater  or  less  than  90°,  for  by  formula  N  (6) 

sin.  A  =  cos'f 
cos.  b 

when  sine  A  must  be  always  positive  because  A  is  less  than  180°, 
.*.  cos.  B  and  cos.  b  must  have  the  same  sign,  i.e.,  B  and  b  must 
be  in  the  same  quadrant. 

2.  When  the  two  sides  including  the  right  angle  are  in  the 
same  quadrant,  the  hypothenuse  is  less  than  90°,  and  when  in  different 
quadrants  greater  than  90°,  for  by  formula  N  (i) 

cos.  c  =  cos.  a  cos.  b 

where  if  a  and  b  are  in  the  same  quadrant  their  cosines  will  have 
the  same  sign  and  consequently  cos.  c  will  be  positive,  and  therefore 
c  is  less  than  90°,  but  if  they  are  in  different  quadrants  their  cosines 
will  have  different  signs  and  cos.  c  will  be  negative  and  consequently 
c  is  greater  than  90°. 


INVESTIGATION  OF  SOME  OF  THE  MORE  IMPORT- 
ANT FORMULA  OF  SPHERICAL  TRIGONOMETRY 
CONNECTED  WITH  PRACTICAL  ASTRONOMY  AND 

SURVEYING. 

Having  in  the  previous  pages  given  a  general  outline  of 
Trigonometry,  both  plane  and  spherical,  and  traced  it  from  its  founda- 
tions, it  now  remains  to  show  how  the  formulae  of  spherical  astronomy 
has  been  made  use  of  in  working  out  examples  of  Practical 
Astronomy  and  Surveying. 


Latitude  by  Meridian  Altitude. 

Let  Fig.  39  be  a  projection  of  the    celestial  sphere   on    the 
plane  of  the  meridian  of  y 

the  observer. 

And  let  Z = Observer's 
Zenith. 

HR  =  Observer's 

Horizon. 

EQ    =  Equator. 

and  let  NS  =  Axis  of 
Earth  (N  &  S  being  North 
&  South  Poles  respec- 
tively). 

Then,  if  ^-  represent 
the  position  of  the  heaven- 
ly body,  the  angle  H  C 
=  Meridian  Altitude. 


R 


Q 


N 

FIG.  39. 

C  Z  (or  90°  —  Meridian  Altitude)  =  Zenith  Distance  ;  (North  in/ 

this    case,   but    if  Z   had  been 
south    of   -^    the    Zenith    Dis- 
tance would  have  been  south.) 
E  C  -^  =  Declination.     (North  in  this  case,  because  3fc  is  North 

of  Equator). 
Then  the  angle  E  C  Z  =  EC  -fc  +  -fcCZ  =  Latitude  of  Observer. 
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If  ^  had  been  south  of  E  or  between  E  and  H,  then  it  is  clear 
that  the  Latitude  would  have  equalled  the  Meridian  Zenith  Distance 
—  Declination. 

Hence  the  Latitude  of  a  place  is  always  equal  to  the  algebraic 
sum  of  the  Meridian  Zenith  Distance  and  the  Declination,  that  is,  if 
both  Declination  and  Meridian  Zenith  Distance  have  the  same  letter, 
either  N  or  S,  the  two  quantities  must  be  added  together  for  the 
Latitude,  but  if  they  have  different  letters,  one  being  N  and  the  other 
S,  then  their  difference  gives  the  Latitude. 


Latitude  by  Reduction  to  the  Meridian,  or  by   Circum-meridian 

Altitudes. 

There  are  two  examples  of  this  method  given  in  the  "  Hints  to 
Travellers,"  one  of  the  Sun  and  another  of  a  Star,  but  the  Spherical 
Trigonometry  is  the  same  in  both.* 


*  The  forms  now  used  in  the  Society's  course  of  instruction  have  ibeen  slightly  altered  since  the 
publication  of  the  eight  edition  of  the  "  Hints  to  Travellers,"  specially  that  part  of  the  Star  form  dealing 
with  finding  the  time  shown  by  chronometer  of  the  Star's  passage,  which  now  stands  as  follows : — 

H.  M.  S. 

Sedereal  Time  at  Greenwich  Mean  Noon   (P.  ii.   N.A.) 

Acceleration  for  Longitude  in  Time,  -f-  if  W.  L.,  —  if  E.  L. 

Reduced  Sidereal  Time  = 

Star's  R.A. 


Retardation  (or  Mean   /-hours  =  *v 

Time    Equivalents,  •<  mins.  =  > 

NA'>  M  -     lsecs.  ) 


Star's  R.A.  —  Reduced  Sidereal  Time 
Local  Mean  Time  of  Star's  Transit  at  Place 

Error  of  Watch  on  L.M.T 

Time  by  Watch  of  Transit  at  Place  . . 


Or  where  G.M.T.  is  known                               H.  M. 

Local  Mean  Time  of  Star's  Transit  at  Place 
Longitude  in  Time  ( •+-  or  —  )         ' 

G.M.T.  of  Transit  at  Place        

Error  of  Watch  on  G.M.T 

Time  by  Watch  of  Star's  Transit  at  Place   , 
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Let  Fig.  40  to  be  a 
projection  of  the  sphere 
on  the  plane  of  horizon 
of  any  place,  then  Z 
is  the  zenith,  N  E  S  W 
the  horizon  and  W  Q  E 
the  equator. 

In  the  triangle  P 
Z  X,  Z  X  is  the 

observed  zenith  dis- 
tance =  90°  —  alt.  ; 
PX  is  the  polar  dis- 
tance of  the  sun  or 
star;  and  X  P;IZ  is 
the  hour  angle.  These 
three  parts  of  the  tri- 
angle are  known,  and 
we  have  to  find  the  Co-latitude  P  Z. 

There  are  several  ways  of  doing  this,  first  if  X  M  be  drawn  per- 
pendicular to  N  P  S,  then  both  P  M  X  and  Z  M  X  are  right-angled 
spherical  triangles,  and  to  find  their  unknown  parts  from  the  known 
ones  it  is  only  necessary  to  use  Napier's  rules  of  circular  parts 
(p.  53).  These  give, 

tan.  P  M  =  tan.  P  X  cos.  X  P  M  } 
sin.  X  M  =  sin.  P  X  sin.  X  P  M  > 

From  the  first  of  these  find  P  M,  which  call  Arc  I,  and  from 
the  second  X  M,  or  Arc  II. 

Knowing  Z  X  and  X  M,  find  Z  M  by  the  formula  cos.  Z  M  =  cos. 
Z  X  sec.  X  M  ;  and  call  this  Arc  III.  The  difference  between  Arc  I., 
and  Arc  III.,  =PM-ZM  =  PZ  =  the  co-latitude. 


Many  attempts  have  been  made  to  shorten  this  computation, 
but  the  abbreviated  method  given  in  the  "Hints  to  Travellers"  which 
gives  very  satisfactory  results  when  the  hour  angles  are  small,  is  as 
follows  : — Taking  h  =  hour  angle  (Fig.  40).  It  is  clear  that  Z  X,the 
observed  zenith  distance,  is  a  little  greater  than  the  meridian  zenith 
distance.  The  meridian  zenith  distance  is  equal  to  P  X  —  P  Z  ;  since 
meridian  zenith  distance  equals  the  polar  distance  minus  co-lat.  The 
amount  by  which  the  observed  zenith  distance  is  greater  than  the 
meridian  zenith  distance  is  therefore  ZX  -  (PX  -  PZ)  =  PZ + ZX  -  PX. 
It  is  evident  that  PZ-fZX— •  PXisa  very  small  quantity  when 
X  is  ne?r  the  meridian. 
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To  find  the  value  of    P  Z  -f  Z  X  -   P  X.     By  the  formula 
(ii.  H.  p.  48). 

.     a  4-  b  —  c    •     a  —  b  +  c 

sin.  — sm. — — 

A  2  2 


sin.2 


sin.  b  sin.  c 


Putting  Z  X  for  a,  P  Z  for  c,  and  P  X  for  6,  h  for  A,  and  chang- 
ing the  order  of  the  sides  of  the  triangle. 

.    (P  z  +  z  x  -  P  X)  ;.    PX  +  ZX-PZ) 

sm.  ^ '  sm. 

h  2  2 


sin.2  —  = 


2  sin.  P  Z  sin.  P  X 

2h   •     r>7   •    t>v        •     (PZ+ZX-PX)    .      (PX+ZX-PZ) 
/.  sin.2  —sin.  PZ  sm.P  X  —  sm.  ^ -*  sm.  v— 

2  22 

(PX  +  ZX  -  PZ) 

Dividing  by  sin.  -^-  -  and  bringing  the  quantity 

we  wish  to  find  to  the  left  hand  side  of  the  equation,  we  have 

(PZ+ZX-PX)          ,h  DV  (PX+ZX-PZ) 

sin.—  —  =  sin.2  —sin.  P  Z  sin.  P  X  cosec.  — 

22  2 

Now  when  the  heavenly  body  X  is  near  the  meridian,  the  cor- 
rection (or  "  Reduction  "  as  it  is  called)  is  small,  and  a  rough  value 

(PX  +  ZX  -  PZ). 
is  good  enough  for  the  term  cosec.- • ' 

2 

P  X  —  P  Z  is  the  meridian  zenith  distance  when  the  heavenly 
body  is  on  the  meridian,  and  Z  X,  the  observed  zenith  distance,  may 
here  be  taken  as  equal  to  the  meridian  zenith  distance,  so  that 

\  (P  X  +  Z  X  —  PZ)  =  \  ( meridian   zenith   distance    +    meridian 

zenith  distance  j   —  meridian  zenith  distance. 

The  formula  therefore  becomes 

.  hour  angle        ,  , 

sm.  \  Reduction  — sm.2 —  sin. (90°— lat.)sm.(9O°  —  Dec.)  cosec. 

(or  cos.  lat.)  (or  cos.  Dee.) 

meridian  zenith  distance. 

Table  No.  49  in  Raper's  Navigation  or  No.  X.  "  Hints  to  Travel- 
lers "  gives  the  value  of  twice  sin.2  —  divided  by  the  sine  of  i",  so  that 

£ 

the  result  obtained,  instead  of  being  the  sine  of  i  reduction  is  the 
log.  of  the  whole  reduction  in  seconds  of  arc. 

Having  applied  the  "Reduction"  to  the  mean  corrected  altitude, 
the  latitude  is  found  by  the  meridian  altitude  method  as  shown 
(P-  56). 

To  obtain  the  best  results  by  this  method  the  altitudes  should 
fall  between  about  45°  and  75°  and  should  be  taken  on  both  sides  of 
the  meridian.  The  hour  angles  should  not  be  more  than  about 
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fifteen  minutes.  When  the  hour  angles  are  large  the  results  are  not 
so  accurate  and  a  correction  for  "  second  reduction"  (table  50,  Raper) 
has  to  be  applied. 


Latitude  by  Double  Altitude. 


FIG.  41. 


Let  A  and  B  (Fig.  41)  be  the  places  of  a  heavenly  body  at  the 
two  observations  ;  P  A,  P  B,  the  polar  distances  ;  Z  A,  Z  B  the  zenith 
distances ;  A  P  B  the  polar  angle  or  interval.  P  D  is  drawn  perpen- 
dicular to  A  B,  and  divides  A  P  B  into  two  equal  parts ;  Z  F  is  per- 
pendicular to  P  D. 

Then,  referring  to  the  form  of  computation  given  in  "  Hints  to 
Travellers,"  Arc  i  is  A  D  ;  Arc  2  is  Z  F  ;  Arc  3  is  P  D.  As  P  D  is 
usually  greater  than  A  D,  from  which  it  is  determined,  if  a  small 
error  occurs  in  A  D,  P  D  will  be  in  error  still  more.  Arc  4  is  D  F  ; 
Arc  5  is  P  F.  P  F  here  is  P  D  —  D  F  ;  but  when  the  polar  distance 
is  much  less  than  P  Z,  F  may  fall  beyond  D  on  P  D  produced,  and 
then  PF  =  PD  +  DF.  The  co-lat.  P  Z  is  then  found  from  P  F 
and  Z  F. 

The  following  is  a  brief  investigation  of  the  computation  of  the 
various  Arcs  : — 

sin.  P  A  :  sin.  90  ::  sin.  A  D  :  sin.  A  P  D 
.-.  sin.  A  D  =  sin.  P  A  .  sin.  A  P  D 

(Arc  i) 
.".  s*^JVrc  i  =  cos.  dec.  .  sin.  i  interval. 
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Cos.  |  sum  alts.  (sin.  $  sum  zen.  dists.  ZD)  :  sin.  ZF  :  :  sin.  Arc  i  (BD  =  AD) 
:sin.  *  diff.  alts,  (idiff.  zen.  dists.  DH). 

.'.  sin.  Z  F  .  sin.  Arc  i  =  cos.  i  sum  alts.  .  sin.  i  diff.  alts. 

r,  r>       cos.  4-  sum  alts.  sin.  £  diff.  alts. 
or  sin.  Z  F  =  -  -  -  :  --  r— 

(Arc  2)  sm-  Arc  I 

.-.  sin.  Arc  2  =  cos.  i  sum  alts.  .  sin.  k  diff.  alts.  .  ar.  co.  log.  sin.  =  cosec.  Arc  i 

cos.  P  D  cos.  A  D  =  cos.  P  A 
.-.  cos.  P  D  =  cos.  P  A  sec.  A  D 

(Arc  3) 
D  F      sin,  i  sum  alts.    ..       ,         sin.  Arc  i 

•L-'     A        •  ~  —  „    -.-  —  ••     *•**• 


cos.  D  F 


—  „    -.-»  —  ••  •       •  —         —  -  -  1.rr          T7~ 

cos.  Z  F  cos.  i  diff.  alts. 

sin.  Arc  i  sin.    \    sum    alts.   rad. 


cos.  i  diff.  alts.  cos.  Z  F. 

n  F  .  _  sin.  i  sum  alts.      cos.  i  diff.  alts. 
.*.  cos.  u  r —    •  : 

(Arc  4)  cos*  sin*     rc  I 

(Arc  2) 

/.  cos.  Arc.  4  =  sin.  £  sum  Alts,  x  sec.  Arc  2  x  cos.  £  diff.  alts,  x  sec.  Arc  i 

Arc  5  =  P  F.  P  F  here  is  P  D  -  D  F,  but  when  the  Polar 
Distance  is  less  than  P  Z,  P  F  may  =  P  D  +  D  F. 

Then  finally  : 

cos.  Z  P  =  cos.  F  P  cos.  Z  F 
or      sec.  co-latitude     |  m          A  gec  Arc 

(=  cosec.  latitude)  ) 

This  is  Ivory's  method  of  computing  the  latitude  by  double 
altitudes,  and  it  is  certainly  concise.  But  as  previously  stated,  if  a 
small  error  occurs  in  the  early  part  of  the  work,  it  is  likely  to  be 
considerably  increased  later  on,  and  for  this  reason  the  results  are 
often  far  from  satisfactory.  Although  somewhat  more  lengthy,  it 
would  be  much  better  to  compute  by  the  more  straightforward 
methods  of  spherical  trigonometry.* 

Taking  the  case  given  above :  * 

In  Fig.  41,  let  Z  A  and  Z  B  be  the  two  zenith  distances  of  the  heavenly  body,  PA  and  P  B  the 
polar  distances,  which  in  the  case  of  a  star  will  be  equal,  and  the  angle  A  P  B  the  interval  of  time 
between  the  observations.  Then,  in  triangle  P  A  B, 

cos  PA 
cos.  AB    =*•—:    -3 —   '       cos.  (PB  —  6) (i) 

OOS.    v 

where  tan.  0  —  tan.  PA  cos.  APB 

sin.   PAB  =  sin.  APB  .  sin.  PB  .  cosec.  AB  ..        ..        (2) 

Next  in  triangle  ZA.B  of  which  the  three  sides  are  now  given,  the  two  zenith  distances  and 
the  side  AB  found  above,  which  is  common  to  both  triangles  PAB  and  ZAB, 

.      ZB  +  AZ  —  AB  .  0       ZB  — AZ+AB 

sin*    — — — — - sin*  *  . 

gin  2  ZAB  =  _2 2  ..         (3) 

2  sin.  AZ  .  sin.  A.B 

ZAB  —  PAB  =  ZAP (4) 

Then  in  angle  AZP  wfth  the  angle  ZAP  found  above  (4),  and  the  two  side  ZA  and  PA 
(zenith  distance  and  polar  distance)  find  the  co-latitude  PZ  as  follows : 

f  cos.  PZ  \        cos.  AZ     rog    (AP-g)        (5) 

\co-latitude/          cos.  0 
where  tan.  6  =  tan.  AZ  .  cos.  ZAP 
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To  find  the  Local  Mean  Time  from  Altitudes  of  Stars  or  Sun  East 
find  West  of  the  Meridian  — (Formula  used  in  examples  foi  Time 
and  Longitude  in  " Hints  to  Travellers" ) 

N 


In  fig.  42, 


Let    A  =  pole. 
,,      C  =  zenith. 
,,      B  =  star  or  sun. 

N  S  =  meridian  of  observer. 


Then  angle  C  A  B  =  H.A.  (hour  angle). 

side  a  =  90°  —  alt.  (zenith  distance). 
„     b  —  90°  —  lat.  (co-latitude). 
„     c  =  P.D.  (polar  distance). 

Then  substituting  these  values  in  the  formula  ii.  H.  (p.  48) 
sin.  (a  +  b  -  c)  v  e.n   (a  -  6__+_c) 

sin.2^= 


sin.  b  sin.  c 


a 


a 


c  = 


b  —  c 


sin.  a  +  b  ~  c 


90°  -  alt.  +  90°  -  lat.  -  P.D. 
180°  -  (alt.  +  lat.  +  P.D.) 
o  _  alt.  +  lat.  -f  P.P.       ' 


=    90 


=  sin 


=  cos. 


in.   (900  - 
alt.  +  lat. 


.  +  lat.  +  P.D 


P.D. 


j 


=  CQS      sum 
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(2)     a  -  b  +  c  =  90°  -  alt.  -  (90°  -  lat.)  +  P.D. 

=  90°  -  alt.  -    90°  +  lat.    +  P.D. 

=  lat.  +  P.D.  +  alt.  -  2  alt. 

•  a  ~  b  +  c  =  lat.  +  P.P.  +  alt.  _  alt 

2~~  2 


...  sin.  a  ~  C  =  sin.i  sum-alt. 

2 

(3)  6  =  90°  —  lat.  /.  sin.  b  —  cos.  lat. 


i  i 


._:  —    ---  _  =  sec.  lat. 
sin.  b       cos.  lat. 


r  _ 


—  —     -   _ 
sin.  c       sin.  P.D. 


=  cosec.  P.D. 


H  A 

Therefore  sin.2     I—'^CQS.  isum  x  sin.  (Jsum  —  alt.)  X  sec.  lat.  x 

fg 

cosec.  P.D. 

or  using  logs.  :  [cosec.  P.D. 

HA 

*  log.  sin  .2  --  =  log.cos.j  sum  +  log.  sin.  \  sum  —  alt.  -f  log.sec.lat.  -f  log. 

2i 

In  this  observation  the  altitudes  should  be  taken  when  the  star 
or  sun  is  at  least  z\  or  3  hours  from  the  meridian,  and  unless  the 
intervals  are  very  short  it  is  better  to  work  the  hour  angles  separ- 
ately and  take  a  mean  result,  since  the  altitudes  do  not  vary  in  the 
same  proportion  as  the  hour  angles.  In  all  cases  both  east  and  west 
stars  should  be  observed  and  a  mean  result  for  L.M.T.  taken. 


In  the  case  of  the  sun  the  hour  angle  taken  out  in  time  will  be 
the  apparent  time  at  place,  subtracting  it  from  24  hours  if  the 
observation  is  taken  in  the  morning.  The  hour  angle,  -f-  or  — 
Equation  of  Time,  will  be  the  local  mean  time,  and  the  difference 
between  local  mean  time  and  the  mean  time  of  any  other  place,  such 
as  Greenwich,  will  be  the  longitude  between  the  two  places,  either 
east  or  west  according  to  whether  the  local  mean  time  is  greater 
or  less  than  the  mean  time  of  the  other  place.  When  the  object 
is  a  star,  local  mean  time  can  be  accurately  obtained  from  the  hour 
angle  of  the  star  as  follows  : — 

When  the  star  is  west  of  the  meridian,  add  the  hour 
angle  to  the  star's  R.A.  ;  when  to  the  east,  subtract  the  star's  hour 
angle  from  its  R.A.  (increased,  if  necessary,  by  24  hours)  ;  the 
result  is  the  R.A.  of  the  meridian  :  from  the  R.A.  of  the  meridian 

*  NOTE. — Table  69  Raper  gives  this  quantity  at  a  glance. 
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(increased,  if  necessary,  by  24  hours),  subtract  the  L.S.T.  of  L.M.N.* 
and  the  remainder,  further  diminished  by  retardation  (24  Raper), 
or  converted  into  M.T.  by  table  of  M.T.  equivalents,  will  be  M.T.  at 
place,  or  L.M.T. 

The  following  diagram  (Fig.  43)   and  explanation   will   help 
make  this  clear. 


w 


S  P     •  =  hour  angle  of  star. 
T  P  3fr  =  right  ascension  of  star. 
+SP^=  right  ascension  of  meridian. 
(If  ^  had  been  E  of  meridian  the  right  ascention  of  meridian 
would  be  RA  of  star  —  -^'s  hour  angle). 

T  P   0   mean  sun's   right  ascension  uncorrected  for  change 
in  right  ascension  since  noon. 

S  P  0  =  local  mean  time  expressed  in  Sidereal  measures. 
0  P  0'    =   "  Retardation "  or   correction   be   subtracted  from 
S  P  0  to  bring  it  to  mean  time.     (The  M.T.  equivalents  table  in  the 
Nautical  Almanac  can  be  used  to  convert  sid.  time  to  M.T.  instead, 
of  Retardation  table  in  the  "  Hints.") 

SP0-0P0'  =  SP0':=  local  mean  time. 


G.S.T.  of  G.M.N.  (page  II.,  N.A.) 
Accel,   for  Long,  in  time  -  if  E.,   -f  if  W. 

Local  Sidereal  Time  of  Local  Mean  Noon   = 


65 

Local  Mean  Time  and  Error  of  Chronometer  by  Equal  Altitudes. 

Stars  should  be  used  for  this  observation  whenever  possible,  as 
the  results  are  more  reliable,  and  since  the  declination  may  be  con- 
sidered the  same  at  both  east  and  west  times  there  is  no  computation 
for  the  "  Equation  of  Equal  Altitudes  "  as  in  the  case  of  the  sun.  The 
altitudes  should  be  in  all  cases,  not  less  than  45°,  for  then  any 
change  in  the  refraction  between  the  time  of  the  two  sets  of 
observations  will  not  affect  the  altitudes  to  any  appreciable 
amount.  As,  however,  it  is  sometimes  necessary  to  observe  the  sun, 
and  an  example  of  this  method  is  given  in  "  Hints  to  Travellers," 
a  short  explanation  of  the  trigonometry  involved  is  here  given. 

In  fig.  44,  let  P  be  the 
pole,  Z  the  zenith,  and  X  and 
Y  the  places  of  the  sun  at  the 
times  of  the  observations ; 
therefore,  the  zenith  distances 
Z  X  and  ZY  are  equal. 

First.  Suppose  the  polar 
distance  to  be  increasing  ;  then 
the  polar  distance  PY  will  be 
greater  than  PX,  and  therefore 
the  hour-angle  ZPX  is  greater 
than  the  hour-angle  ZPY,  or 
greater  than  half  the  interval 
XPY.  Make  ZPT  =  ZPY, 


FIG.  44. 


and  call  the  angle  XPT  =  2x,  and  the  elapsed  time,  namely,  the 
angle  X  P  Y  =  e. 

Thene  =  YPT  +  XPT  =  2ZPT  +  2X, 

.-.  £  e  =  Z  P  T  +  x  :  add  x  to  both  sides  of  the  equation, 
/.  *  £  +  x  —  ZPT  +  2x  =  ZPX  =  hour-angle  from  noon, 
or  the  time  that  must  elapse  (by  chronometer)  before  the  sun  is  on 
the  meridian  P  Z. 

Second.  Suppose  the  polar  distance  to  be  decreasing,  or  P  Y 
less  than  P  X,  then  in  a  similar  manner  it  may  be  shown  that  the 
time  to  noon,  or  the  angle  ZPX  ==  }  c  —  x. 

The  value  of  x  in  seconds  of  time  is  called  the  Equation  of 
Equal  Altitudes. 

Investigation  of  the  formula.  About  Z  as  a  centre  (fig.  44), 
describe  the  arc  X  T  Y  and  join  T  Z.  Then  P  T  =  P  Y  (for  Y  Z  = 
T  Z,  and  ZPT  was  made  equal  to  Z  P  Y,  and  P  Z  is  common  to  the 
two  triangles).  Again,  about  P  as  a  centre  describe  the  arc  of  a 
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parallel  of  declination,  X  V  ;  then  T  V  is  the  difference  between  P  X 
and  P  T  or  P  Y  ;  that  is,  it  is  the  change  of  decimation  in  the  inter- 
val of  elapsed  time  e. 

Let  T  V,  the  change  of  declination  in  elapsed  time  =  d' 
P  X,  the  polar  distance  at  ist  observation  =  p. 
and  latitude  of  place =1. 

The  triangle  X,  V,  T,  being  very  small,  may  be  considered  as  a 
right-angled  plane  triangle,  V  being  the  right  angle. 

.-.  XV  =  TVcot.  VXT  =  d'.  cot.  VXT  =  d'.  cot.  PXZ, 
and  XV  =  XPVsin.  PX  =  2x  sin.  p. 
.*.  2x  .  sin.  p  =  d' .  cot.  P  XZ      ...         ...         ...         ...         (i) 

To  eliminate  cot.  PXZ  from  this  expression.   Since  by  (E.  p.  45) 

cot.  PXZsin.  ZPX  =  cot.  PZ.  sin.  PX  -  cos.  ZPX.  cos.  PX 
or  cot.  PXZ,  sin.  (i  e  nearly)  =  tan.  1.  sin.  p.  —  cos.  (I  €  nearly)  cos.  p  ; 
/.  cot.  PXZ  =  tan.  1.  sin.  p.  cosec.  i  e  —  cot.  i  e.  cos.  p  nearly. 

Substituting  this  value  of  cot.  PXZ  in  (i)  we  have 

2X  sin.  p  =  d'  tan.  1.  sin.  p.  cosec.  i  e  —  d'  cot.  £  €.  cos.  p. 
or  2  x  =  d'  tan.  1.  cosec.  i  e.  —  d'  cot.  \  e  cot.  p.  (in  arc) 

r\f  t\f 

= tan.  1.  cosec.  *  e  —     —  cot.  \  e  cot.  p.  (in  time) 

g  O  O 

[  or  Equation  \          d'  ,  d' 

. .  x  =    .  tan.  1.  cosec  £  e cot.  i  e  cot.  p. 

\ of  equal  Alts./          30  30 

This  then  gives  the  value  of  the  Equation  of  Equal  Altitudes  when 
p  is  taken  as  the  polar  distance  at  the  time  of  the  mean  of  the  first 
set  of  altitudes,  and  is  given  by  Jeans  as  above  in  his  Nautical 
Astronomy,  but  in  the  "  Hints  to  Travellers,"  where  the  computation 
is  arranged  according  to  Riddle's  method,  p  is  taken  at  apparent 
noon  at  place  and  then,  in  arc.  : — 

x  (or  Equation  of  Equal  Altitudes)  =  d'  tan.  1  cosec.  £  e  —  d' 

cot.  i  c  cot.  p  (=  tan.  decl)  which  result  divided  by  15  gives  its  value 
in  time.  These  two  terms  are  indicated  by  A  and  B  in  the 
41  Hints  to  Travellers." 

The  algebraic  signs  of  A  and  B  will  evidently  depend  on  the 
magnitudes  of  the  angles  which  make  up  A  and  B. 
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Azimuth  of  Star  ot    Sun,  thence    True    Bearing   oj   Object  and 
Eirof  of  Compass  from  the  altitude  oj  a  Star  or  the  Sun. 


In  the  diagram  (fig.  45), 
Let  C  =  pole. 
A  =  zenith. 
B  =  star  or  sun. 
a  =  polar  distance  (P.D.) 
c  =  zenith  distance. 
b  =  co-latitude. 

C  A  B  =  azimuth  from  N  point  of  horizon. 
SAB  =  i8c°       CAB  ==  azimuth  from  S  point^of 

horizon,  as  in  "  Hints  to  Travellers"  example. 
Taking  the  formula  (p.  47). 

sin,  (a  +  b  +  c)  .  sin.  (  b-\-  c  —  a) 


cos?  —  = 


Now 


sin.  b  .  sin.  c 

i 


sin.  b 

I 


sin.  (90°  —  lat.)       cos.  lat. 
i  i 


—  sec.  lat. 


sec.  alt. 


sin.  c       sin.  (90°  —  alt.)       cos.  alt. 
Also  b  +  c  •  •  a  =    90°  •     lat.  +  90°  -  alt.  -  P.D. 

=  180°  •     (lat.  +  alt.  +  P.D.) 
.  b  +  c  -  a  __  __   lat.  +  alt.  +  P.P.  ' 
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and  b  +  c  +  a  =      +  c-  a       a 


P.P. 


...  sin.-6  +  c  ~  "  =  sin.   (go"       lat  +  alt  +  RD'l 


j    • 
and  sin. 


2  \  2 

=  cos.  alt.  +  lat.  +  P.P. 

2 

b  +  c  +  a 

2 


=  sin.{9o°-     ('at.  +  alt.  +  P.P.  _  p  p   j\ 
/'at.  +  alt.  +  P.P. 


=  cos. 


Further,  cos.  1=  cos.  l8o°  ~  SAB 

2  2 

=  cos.  (90°  -  i  SAB)  =  sin.  j.  SAB 
Making  these  substitutions  in  the  Trig,  formula,  we  find 

SAB 
sin?  -   =  cos.  *  sum  x  cos.  (J-  sum.  —  polar,  dist.)  x  sec.  lat.  x  sec.  alt. 

or  using  logs., 

,         .  2  SAB 

log.  sin.  —  -  —  •  =  I0g.  sec>  iat.  -f.  log.  sec.  alt.  +  log.  cos.  £  sum 

2 

+  log.  cos.  (J  sum  —  polar  dist. 

A 
Instead  of  this  formula  that  giving  the  tan.  -  -  (p.  48)  is  used 

2 

in  the  computation  forms  of  the  Chatham  School  of  Military  Engin- 
eering, and  then  the  angle  C  A  B,  or  the  azimuth  from  the  elevated 
pole  is  the  result,  instead  of  its  supplement  as  in  the  above  case. 

The  true  azimuth  of  the  star  or  sun  found  by  either  formulas  + 
or  —  the  horizontal  angle  between  any  distant  terrestrial  object  and 
the  star  or  sun  will  be  the  true  bearing  of  the  object  itself. 

If  now  the  magnetic  bearing  of  this  same  object  should  also 
be  observed,  the  difference  between  this  and  the  true  bearing  obtained 
from  the  computation  will  give  the  total  error  of  the  compass. 

There  is  an  example  on  p.  206  of  the  "  Hints  to  Travellers  "  (8th 
edition)  in  which  this  observation  is  taken  with  a  sextant  instead  of  a 
theodolite,  in  which  case  the  angle  between  the  sun  and  the  terrestrial 
object  is  not  the  horizontal  angle,  and  it  has  to  be  reduced  to  this  be- 
fore applying  it  to  the  true  bearing.  The  angle  measured  is  in  fact  the 
hypothenuse  of  a  right  angled  spherical  triangle  and  this  has  to  be 
reduced  to  its  base,  which  is  done  by  Napier's  circular  parts  rule 
given  on  p.  53,  supposing  the  object  to  have  no  appreciable  altitude. 


FiG.  46. 
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Parallax  in  Altitude. 

In  figure  46,  let  C  be  the 
centre  of  the  earth,  and  Z  the 
position  of  an  observer  upon  its 
surface.     If  now  <X  represent  the 
position  of  the  moon  when  at 
an  altitude  of  about  40°,  d'  will 
represent    its    position    in   the 
heavens  as  seen  from  the  centre 
of  the  earth,  and  d2  the  same 
as  seen  from  the  observer's  posi- 
tion at  Z,  which  is  evidently  at  a 
lower  altitude  than  d'.  The  angle 
Z  d  C  (=  d'  d  <L2)  is  the  angle 
of    parallax  in  altitude,  which 
is     evidently     greatest     when 
on  the  horizon  where  it  equals 

the  angle  subtended  by  the  radius  of  the  earth  at  the  distance  of 
the  heavenly  body,  which  is  called  the  horizontal  parallax  of  that 
body.  Owing  to  the  figure  of  the  earth  the  horizontal  parallax 
varies  slightly  with  the  latitude,  and  the  Equatorial  Horizontal 
Parallax,  or  the  horizontal  angle  subtended  by  the  Equatorial  radius 
of  the  earth  is  the  greatest. 

In  the  triangle  Z  C  (I,  if  a  represent  the  radius  of  the  earth,  Z  C  ; 
d  the  distance  of  heavenly  body  C  (L  ;  z  the  zenith  distance  Z'  Z  d  ; 
p  the  parallax  in  altitude  Z  d  C. 

sin.  p  :  sin.*  z  :  :  a  :  d  (p.  33) 

a 

sin.  p  =  — T-  sin.  z. 
ci 

When  z  =  90°,  p  becomes  the  horizontal  parallax  :    let  us 
represent  it  by  IT,  then 

a 

sin.  TT  = — r  : 
d 

therefore  sin.^>=  sin.  IT  sin.  2, 

Except  in  the  case  of  the  moon,  whose  parallax  sometimes 
exceeds  i°,  we  may  substitute  the  angles  for  their  sines  and  write 

P  =  TT  sin.  z. 
or    p  =  TT  cos  alt. 


*  The  sin.  of  Z,  onthe  angle  Z'  Z  d,  is  equal  to  the  sine  of  the  angle  C  Z  d  since  Z'Z  d  is  the 

supplement  C  Z  d. 


Longitude  by  Occupation  of  a  Star. 

The  first  part  of  the  formula  for  computing  an  occultation  given 
in  the  "  Hints  to  Travellers,"  consists  of  reducing  the  moon's  semi- 
diameter,  horizontal  parallax,  and  declination  taken  from  the  Nautical 
Almanac  to  the  approximate  Greenwich  time  of  the  occultation, 
working  out  the  hour  angle  of  the  star  and  finding  the  geocentric 
latitude  corresponding  to  the  geographical  latitude  of  the  observer. 
After  thus  preparing  the  data  the  next  thing  is  the  computation  of 
the  Parallax  in  Declination  and  Parallax  in  Right  Ascension,  and 
then,  knowing  their  quantities,  the  true  right  ascension  of  the  moon 
corresponding  to  the  local  mean  time  of  the  disappearance  or 
reappearance  can  be  found.  The  Greenwich  mean  time  correspond- 
ing to  the  Right  Ascension  of  the  moon  thus  obtained  is  then  ascer- 
tained by  proportion  from  the  quantities  given  in  Nautical  Almanac, 
and  the  difference  between  this  and  the  local  mean  time  is  of  course 
the  longitude  of  the  observer.  The  following  is  a  short  investigation 
of  the  formula  employed  for  obtaining  the  parallax  in  declination 
and  right  ascension,  the  former  of  which  consists  of  the  quantities 
denoted  by  A  B  and  C,  and  the  latter  by  parts  I  and  II  in  the 
"  Hints  "  form  which  is  similar  to  that  given  in  Raper's  Navigation. 

In  order  to  compute  the  Parallax  in  Declination,  the  value  of 
Parallax  in  Right  Ascension  is  required,  and  this  is  obtained  with 
sufficient  accuracy  for  the  purpose  as  follows  : — 


FIG.  47. 


In  fig.  47  let  — 

Y  =  celestrial  pole. 

Z  =  zenith  reduced  for  figure  of  earth  (in  the  following 
investigation  Z  stands  for  the  angle  YZX). 

X  =  true  place  of  moon. 

X'=  apparent  place  of  moon  as  affected  by  parallax. 

P  =  true  hour  angle. 

P'=  apparent  hour  angle. 

z  —  true  zenith  distance. 

z  =  apparent  zenith  distance. 

d  =  true  declination   of  point  of  contact  of  moon's  limb 

with  star. 

d'  =  apparent  declination         „  „  „  „ 

/  =  geocentric  latitude. 
z'  —  z  =  parallax  in  altitude. 
Y  X'—  Y  X  =  parallax  in  declination. 

P7—  P  =  parallax  in  right  ascension. 


(i)    cos-      sin.  Z  =  22?^£  cos.  /  -  cos.  Z  sin.  /  (see  E  p.  45). 


. 
sin.  P  sin.  z 


(2)  cos>       sin.  Z  =  ^-4  cos.  /  -  cos.  Z  sin.  /. 
sin.  P  sin.  z 

(cos.  P       cos.P'X    .     ~       /cos.  z       cos.  z'\  j 

Subtracting         _—  —  ,  —  —,    sin.  Z  =  I—,  --  —  -  r]    cos.  /. 
\sm.P        sin.  P/  \sm.    z       sin.  z  I 


Putting  sin.  (P'  —  P)  for  sin.  P'  cos.  P  —  cos.  P'  sin.  P  ;  and  sin.  (z'  —  z) 
for  sin.  z*  cos.  z  —  cos.  zf  sin.  z  •  (p.  20) 


/TV  sin.  Z  sin.  (z'  —  z)       cos.  / 

We  have,  sin.  (P  -  P)  .—.  —  ^5-^  —  ^  =  -  e  —  -^  ' 

sin.  P  sin.  P  sin.  »  sin.  z 


f^C\Q      fi  Q1  Tl        * 

Putting    —  —  —  for  —  '—-  -  and  cancelling  common  divisor  sin.  z  ; 
sin.  z        sin.  P 


sin-  (p/  ~  P)  cos.  d.  =  sin-  <?  3  z)  cos.  /  =  sin.  H  cos.  / 
sin.  F  sin.  * 

where  H  denotes  the  horizontal  parallax  of  the  moon. 

TT  •      /TV        r>\         sin.  H  cos.  /  sin.  P7 

Hence  sin.  (P   —  P)  =  -=— 

cos.  a 

Having  found  the  value  of  the  Parallax  in  Right  Ascension  with 
sufficient  accuracy,  the  formula  for  obtaining  the  Parallax  in 
Declination  is  as  follows  :  — 

^-^  cos.  /  sin.  P'  —  sin.  P'  cos.  P  sin.  I  =  Sm'    „  cos.  /  sin.  P  —  cos.  P'  sin.  P  sin.  / 
cos.  a  cos.  a 

each  being  =  2*l|  sin  P  sin.  P  (see  p.  43). 
sin.  Z 

Hence 

jp 

-^-^  cos.  /  sin.  P'  =  (sin.  P'  cos.  P  —  cos.  P'  sin.  P)  sin.  /  +  j      -%  cos.  /  sin.  P 
cos.  d  cos-  a 
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Putting  sin.  (F  —  P)  for  sin.  F  cos.  P  —  cos.  P'  sin.  P,  and  dividing 
by  cos.  /  sin.  P' 

sin.  d       sin.  (F  —  P)  sin.  /       sin.  P      sin*d' 

we  have = 5 — ^ — '— - —  +— : — =r  •      — -^ 

cos.  d  sin.  P  cos.  /  sin.  P      cos.  d 

.     ,  sin.  d'  sin.  P'      sin.  d' 

And         -77-  =  —. — ==,,  •      — -r 

cos.  *  sin.  P       cos.  d 

0  ,  sin.  d     sin./      sin.  (P'—  P)  sin.  /  .  sin.P  —  sin.F     sin.rf' 

Subtracting — -r— — ^-jy — —  — — fy —  •         T' 

cos.  d     cos.  d          sm.  r  cos.  /  sm.  P  cos.d 

Putting  sin.  (d—  d')  for  sin.  d  cos.  d'  —  cos.  d  sin.  <*';  and  —  2  sin.  i  (P'  —  P) 

cos.  J  (F+P)  for  sin.  P-sin.  F; 

sin.  (/-</)  '_sin.(F-P)sin./_2sin.i(F--P)cos4(F+  P)     sin.  / 
cos.  d  cos.  <?'       sin.  P/  cos.  /  sin.  F  cos.  / 

Putting  sin.  (P/—  P)  for  2  sin.  £  (F  — P)  since  the  angle  is  small ;  and 

sin.  H  cos.  /  r      sin.  (P'  — P)     /  x 
for  3 — _ —2     (see  p.  71) 

cos.  d  sm.  F 

sin.  (d—d')    _sin.  H  sin,  /sin.  H  cos.  /    sin,  d'          i    ,p, 
cos.  ^  cos.  rf'         cos.  <3?  cos.  d       •  cos.  rf' 

therefore  by  multiplying  both  sides  of  the  equation  by  cos.  d  cos./,  and 
cancelling,  sin.  (d  —  d']  =  sin.  H  sin.  /  cos.  d'  —  sin.  H  cos.  /  sin.  d' 

cos.  H^  +  p)- 

Putting  (d'-d)"  sin.  i"  for  sin.  (d-d'),  H"  sin.  i"  for  sin.  H,  and 
then  dividing  by  sin.  i" 

(d'—d)"=  H"  sin.  red  lat.  cos.  app.  decl.  — H"  cos. 

( or  cos.  stars  decl.) 

red  lat.  sin.  app.  decl.  cos.  middle  hour  angle. 

(or  sin.  stars  decl.) 

This  then  is  the  usual  expression  for  obtaining  the  Parallax  in 
Declination  as  given  by  Inman,  Loomis,  Jeans,  and  other  writers  on 
Practical  Astronomy. 

The  formula  employed  in  the  "  Hints  to  Travellers,"  which  is 
taken  from  '  Raper/  is  but  a  modification  of  this,  and  taking  dr,  the 
apparent  declination  of  the  moon's  point  of  contact,  to  be  equal 
to  the  declination  of  the  star,  it  is  as  follows  : — 

H2 

H  (sin.  /cos.  d'—  cos.  / sin.  d'  cos.  P') (tan.  d' cos?  /  sin?  F) 

^ 

These  three  expressions  are  respectively  equal  to  A,  B,  and  C 
in  the  '  Hints '  form,  and  can  be  readily  derived  from  the  preceding  ; 

For,  from  above,  and  writing  sin.  (F  — P)  for  2  sin.  \  (F--P) 
sin.  (/-  d)  _sin.  (F-  P)  sin.  /_  sin.(F-P)      sin.  /.  CQS  F+  P 
cos.  d  cos.  /          sin.  Pr  cos.  /  sin.  P'       '  cos.  d'  2 

sin.(F-P)sin./_sin.(F-P)      sin,  d1      f    ,  p,     P'-P\ 

—     : T^7 j '        ~ :         ?v        '    '   ' 7"  '   ICOS.i  1 

sin.  F  cos.  /  sin.  P  cos.  d      \  2     J 

*  (In  working  the  star's  declination  is  taken  as  -  d*"). 
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or  taking  circular  measure  as  equal  to  the  sine. 

(d  —  d*\  —  \ jJ. 1—  —  j — - L '  — ' — - .  cos.  P  — 

sin.  P  cos.  /        sin.  P       cos.  / 

(P  -  P)  (P  -  P)  •  ^-^, 
_ '     cos,  a 

2 

which  by  replacing  (P'  —  P),  the  parallax  in  right  ascension,  by  its 
,        H  cos.  /  sin.  P  and  cancelling,  becomes 
cos.  d 


H  (sin.  /  cos.  d  —  cos.  /  sin.  d  cos.  P)  --  (cos?  /  sin?  P'  tan. 

2 

In  the  last  expression  it  is  sufficiently  accurate  to  consider  d 
and  d'  to  be  of  the  same  value. 

The  work  is  somewhat  shortened  in  the  "  Hints  "  form  by  using 
proportional  logarithms,  which,  since  they  are  merely  the  ordinary 
logarithms  taken  from  4-0334,  in  no  wise  alter  the  value  of  the 
equation.  By  this  means  the  quantities  are  taken  out  at  sight, 
neither  is  the  equation  altered  by  the  fact  that  the  reciprocals  of  the 
sines,  cosines,  are  used  instead  of  the  sines  and  cosines  themselves. 

The  sign  of  the  second  term  of  the  computation  for  parallax  in 
declination,  B,  becomes  plus,  when  the  hour  angle  is  more  than  six 
hours  as  its  sign  is  reversed  by  the  ordinary  rules  of  trigonometry. 

A  short  explanation  of  the  constant  1-5820  which  is  employed 
in  the  third  term  C  is  perhaps  necessary. 
Supposing  C  to  be  expressed  in  circular  measure. 

C  «-5l  (cos?  /  sin?  P  tan.  tf) 

But  the  quantities  C  and  H  are  required  and  given  in  seconds  : 
therefore  C  and  H  must  be  replaced  by  their  equivalents. 

C"  sin.  i"  and  H"  sin.  i" 
then  the  formula  becomes 

C"  sin.  i"  =  (H")2  (sin.  i")2    ,      •  /••»>*        _,* 
^  —  —  ±  -  -    (cos?  /  sm?  P  tan.  d  ) 


2 

" 


.'.  log.  C/'=2(log.  H"+  log.  cos./  +  log.  sin.P')  +  log.tan.d'+  log.sin.i"  —  log.2 
Let  log.  R  =  4-0334,  that  is  the  quantity  from  which  the  com- 

mon log.  is  subtracted  to  give  the  proportional  log.  of  a  quantity. 
Then,  subtracting  each  side  of  the  equation  from  the  log.  R, 

log.  R  -  log.  C" 

=2(log.  R  —  log.H  +  log.  sec./  +  log.cosec.P  ')  ±  log.cotan.d'—  pro.log.2  +  log.sin.i  ' 
which  is  the  form  actually  used  in  the  computation. 
Thus  :  Prop.  log.  2  =  3.  7324 
log.  sin.  i"       =  4  .  6856 

8  .  4180 

Instead  of  subtracting  this  its  complement  i  .  5820  is  added  to  the 
cotan.  of  the  declination. 
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By  applying  as  directed,  the  Parallax  in  Declination  thus  found 
to  the  declination  of  the  star,  the  Prepared  Decimation  is  obtained, 
which  is  the  true  declination  of  the  point  of  contact  of  the  moon's  limb 
with  the  star. 

The  effect  of  parallax  will  be  to  bring  the  moon  nearer  to  the 
equator  when  the  moon  is  situated  on  the  same  side  as  the  observer, 
and  further  from  it  when  on  the  opposite  side,  hence  to  obtain  the  true 
declination  from  the  apparent  (A  — C)  is  added  to  the  star's  declina- 
tion when  latitude  and  declination  are  of  the  same  name,  either 
north  or  south,  and  subtracted  from  it  when  of  different  names. 
As  already  explained,  the  sign  of  the  term  B  is  plus  when  the  hour 
angle  is  over  six  hours,  or  more  than  90°. 


P 


O 


FIG.  48. 

Parts  I.  and  II.  of  the  Form. 
Let  P  =  pole. 
Z  =  zenith. 
S  =  star. 

M  =  true  place  of  moon's  centre. 

M  '=  apparent  place  of  moon's  centre  as  affected  by  parallax. 
M.T.  moon's  semidiameter. 
T  =  Prepared  Declination. 
T  D  difference  of  declination  between  moon  and  Prepared 

Declination. 
E  Q  =  equator. 
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Then  Part  I.  will  be  the  angle  P1,  and  Part  II.  the  angle  P2,  or 
the  Parallax  in  Right  Ascension. 

Part   I.   is   obtained  as  follows  :    The  triangle  TDM,  being 
necessarily  very  small,  may   be  regarded  as  a  plane  triangle,  and 
then  M  D2  =  M  T2  -  -  T  D  2=  (M  T  +  T  D)  (M  T  -  T  D). 

Whence  P.  =V(MT  +  TD)  (M  T  -  T  D)  ivespartl 

cos.  Prepared  Decln. 

in  arc,  which  is  converted  into  time  by  applying  the  log.  of  15  =) 
the  constant  i' 1761).  As  Proportional  Logarithims  are  used,  which 
decrease  as  the  corresponding  angle  in  time  increases,  the  cosine 
of  the  Prepared  Declination  and  the  constant  ri76i,  are  added  to  the 
half  pro.  logs,  of  the  difference  and  sum  of  the  moon  semidiameter 
M  T  and  the  T  D  difference  between  the  moon's  declination  and  the 
prepared  declination. 

Part  II.  is  for  Parallax  in  Right  Ascension,  which  is  obtained  by 
the  formula!  given  on  p.  71  except  that  now  the  cosine  of  the  pre- 
pared declination  is  used  which  is  more  correct.  As  three  of  the 
quantities  required  for  this  have  been  used  before  in  finding  the 
term  C  for  Parallax  in  Declination,  these  are  merely  copied  down 
again,  and  the  cosine  of  the  Prepared  Declination  and  the  constant 
log.  of  15  added  to  them,  and  the  sum  is  the  proportional  log.  of  the 
Parallax  in  Right  Ascension.  Part  I.  +  or  —  Part  II.  gives  the 
quantity  to  be  applied  to  the  star's  right  ascension  in  order  to  obtain 
the  moon's  true  right  ascension.  It  is  then  merely  a  question  of 
simple  proportion  to  find  what  Greenwich  time  corresponds  with 
this  Right  Ascension  of  the  moon. 


The  Lunar  Distance. 

The  method  of  obtaining  G.  M.  T.  and  thence  the  longitude  by 
measuring  the  angular  distance  between  the  moon  and  a  star,  planet, 
or  the  sun,  may  be  considered  as  almost  obsolete.  Even  under 
favourable  circumstances  the  results  are  not  reliable,  and  occupa- 
tions and  other  more  trustworthy  methods  have  taken  its  place. 

A  general  outline  of  the  computation  for  obtaining  the  true  dis- 
tance from  the  apparent,  or  as  it  is  called  "  clearing  the  distance  "  may 
perhaps  be  given  with  advantage,  to  explain  the  principle  of  the 
working.  There  are  many  different  methods  of  clearing  the  distancer 
varying  considerably  in  detail  and  arrangement,  but  the  principle 
underlying  each  is  the  same. 
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FIG.  49. 
In  Fig.  48,  let 

Z  =  zenith  of  observer. 

Z  A  and  Z  B  =  altitude  circles  passing  through  moon  and  star. 
<X  =  true  place  of  moon. 

=  true  place  of  star. 

'  =  apparent  place  of  moon  as  raised  in  altitude 
by    refraction    but    lowered   still   more   by 
parallax. 
'  =  apparant  place  of  star  as  raised  by  refraction, 

but  unaffected  by  parallax. 

Then  will  <L'  -^  '  be  the  apparent  distance  as  measured  with  a 
sextant,  and  Z  d'  and  Z  ^  '  be  the  apparent  zenith  distances.  From 
these  it  is  desired  to  find  the  true  distance  <L 


(i).     In  the  triangle  <!'  Z  ^-'of  which  the  two  apparent  zenith 

distances  and  the  apparent  distance  constitute  the  three  given  sides, 
compute  the  angle  B  Z  A. 

(2).     Find  the  true  zenith  distances  Z  (L  and  Z  ^.  by  correcting 
for  refraction,  and  in  the  case  of  the  moon,  for  parallax  as  well. 
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(3).  Then  with  the  two  corrected  zenith  distances  thus  found 
Z  d  and  Z  -^  and  the  included  angle  B  Z  A  obtained  by  (i)  compute 
the  third  side  of  the  spheric  triangle  d  ^  which  will  be  the  true 
distance  sought. 


To  compute  the  True  Altitude  of  a  Heavenly  Body. 

There  are  several  ways  of  doing  this  but  that  given  in  the 
'  Hints '  on  p.  193  is  by  Napier's  circular  parts  as  follows  : — 


FIG.  50. 
In  fig.  50, 

cos.  Z  P  B   =    cot.  Z  P    x    tan.  P  B 
(hour  angle)     (tan.  lat.)          (arc  i) 


\tanPB 
(arc  i) 


cos.  Z  P  B 

cot.  Z  P 
(tan.  lat.) 


or 


tan.  P  B     CQS>  z  p  B  x  cot.iat. 
(hour  angle) 

cos.  P  Z  =  cos.  Z  B    cos.  P  B 
cos.  P  Z 


•(i) 


cos.  Z  B  = 


cos.  P  B 
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cos.  Z  D  =  cos.  Z  B  .  £os.  B  D 

ZTpv                    C_/OS»      -I        ^/  T^      T-V 

D  = =— -  .  cos.  B  D 

cos.  P  B 

or 
sin.  true  alt.  =  sin.  lat.  .  sec  arc  i  .  cos.  (arc  i  —  P  D) (iii) 

which  is  the  formula  used  in  the  "  Hints  to  Travellers." — 


DIFFERENCE  OF  LATITUDES  AND  LONGITUDES  AND  AZIMUTHS. 

The  best  method  of  computing  the  difference  of  latitude 
and  longitude  between  two  places  is  that  given  in  the  Auxiliary 
Tables  of  the  Survey  of  India,  which  have  now  been  extended  in 
latitude  in  the  Survey  Tables  of  the  Chatham  School  of  Military 
Engineering,  but  the  following,  which  are  in  the  main  taken  from 
Part  II.  of  the  Text  Book  of  Military  Topography,  may  be  useful. 


so'  - 


AZIMUTH      Oft 
BEARING 


AZIMUTH 


KNOWN    S/OC 


FIG.  51. 

Let  A  (fig.  51)  be  a  station  in  the  triangulation,  of  known  latitude,  B 
any  other  station,  A  B  being  a  side  of  the  triangulation,  the  azimuth 
or  true  bearing  of  A  B  being  known. 

Let  P  be  the  pole,  then  treating  the  earth  as  a  sphere,  in  the 
spherical  triangle  P  A  B,  we  know  P  A  (=  90°  •  lat.  of  A)  and  A  B 
(the  value  in  arc  being  taken  from  Table  I.),  and  the  included  angle 
P  A  B  )or  true  bearing). 
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Then—  (by  p.  50) 


(i)  tan. 
(ii)  tan. 

(. . . 
111) 


BPcos.  *       ~ 


2 

B  - 


COS. 

sin. 


(6  -  />) 


sn. 


sm.  a  =sm. 


(6  +  /) 
sin.  A 


cot.  f  A  ; 
cot.  J  A  ; 


sin.  B 

P  =  the  difference  in  longitude. 
B  =       „          the  reverse  azimuth  (or  back  bearing). 
b  —  a  =  the  difference  in  latitude. 


Owing  to  the  false  assumption  that  the  earth  is  a  sphere  this 
iatter  must  be  multiplied  by  a  factor,  C,  from  Table  II. 

So  that  true  difference  of  latitude  =  C  x  (b  —  a).  The  other 
elements  need  no  correction. 

Given  the  latitudes  of  two  points  and  the  true  bearing  (or 
azimuth)  of  the  line  joining  them,  to  find  the  difference  of  longitude 
and  the  distance  between  the  points. 

If  A,  B  are  their  latitudes,  A  being  nearest  the  equator, 
B  —  A  =  d  (seconds). 

Look  out  the  natural  number  corresponding  to  log.  C  in 
Table  II.,  and  put 

K  *     C  ~  * 

K  : •     -pr— 

(for  compression)  2  v_/ 

b  =  90°  -  lat.  of  A  -  K 
a  =  90°     -  lat.  of  B  +  K 

then  solve  the  spherical  triangle  PAB,where  P  is  the  pole,  as  follows : — 
By  Napier's  Circular  Parts,  in  the  right  angle  triangle  A.  P.  C. 

cos.  A  =  cot.  b  x  tan.  6 

{I.)    ...    .*.  tan.  6  —  tan.  b  x  cos.  A 

and  cos.  6  =  cos.  h  x  cos.  0 

j        cos.  b 
.-.  cos.  h  =  

cos.  0 
Next  in  right  angle  triangle  P  B  C 

cos.  a  =  cos.  h  x  cos.  0? 

a,       cos.  a 
. .  cos.  0  = 


and  since  cos.  h  = 


cos./? 
cos.  b 

cos.  0 
cos.  a 

cos.  B'  =  cos.  b 
cos.  0 


(no 


cos. 


cos.  a  x  cos. 
6   = 


0 


cos.  b 

then/)  =0-0' 

and  the  required  difference  of  longi- 
tude P  by  the  rule  sines  is 

/TT,  v                                            sin    A  If  Bis  the  known  bearing  substitntj  b  for  a, 

(111.)       Sin.  P   =   Sin.  p and  a  for  b,  in  formula  I.,  II.,  III. 

sin.    a 


FIG.  52. 
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TABLES. 

Table  I. — Computation  of  latitude  and  longitude. 
For  reducing  length  in  feet  to  seconds  of  contained  arc 

GEODETIC  DISTANCE  IN  FEET. 


LAT. 

10,000 

20,000 

30,000 

40,000 

50,000 

60,000 

70,000 

8o,000 

90,000 

e 

/' 

// 

// 

.// 

// 

// 

i 

tf 

// 

// 

O 

98-57 

197-13 

295-70 

394-27 

492-84 

59I-40 

689-97 

788-54 

887-10 

2 

'57 

•13 

•70 

•27 

•83 

•40 

'97 

'53 

•10 

4 

'57 

•13 

•70 

•26 

'83 

'39 

•96 

•52 

.09 

6 

•56 

•13 

•69 

•25 

•82 

•38 

'94 

•51 

•07 

8 

•56 

•12 

•68 

•24 

•80 

•36 

•92 

•48 

•04 

10 

•56 

'II 

•67 

•23 

78 

'34 

-90 

•46 

•oi 

12 

'55 

•10 

•66 

•21 

76 

•32 

•87 

•42 

886-97 

14 

'55 

•09 

•64 

•19 

74 

•28 

•83 

•38 

•93 

16 

'54 

•08 

•62 

•17 

71 

•25 

79 

'33 

•87 

18 

'54 

•07 

•60 

•14 

•68 

•21 

75 

•28 

•82 

20 

'53 

•06 

•58 

•II 

•64 

•17 

•70 

•22 

•75 

22 

•52 

•04 

•56 

•08 

•60 

'12 

•64 

•16 

•68 

24 

•5i 

•O2 

•54 

•04 

•56 

•07 

•58 

•09 

•61 

26 

'So 

.OI 

•5i 

•oi 

•5i 

'02 

•52 

•02 

•52 

28 

'49 

196-09 

•48 

393  '97 

'47 

590-96 

'45 

787-95 

'44 

30 

•48 

'97 

•45 

'93 

•42 

•90 

•38 

•87 

'35 

32 

'47 

'95 

•42 

•89 

'37 

•84 

'31 

78 

•26 

34 

•46 

•92 

•39 

•85 

•3i 

77 

•24 

•70 

•16 

36 

'45 

•90 

'35 

•81 

•26 

71 

•16 

•61 

•06 

38 

'44 

•88 

•32 

•76 

•20 

•64 

•08 

•52 

885.06 

40 

'43 

•86 

•29 

•72 

•14 

•57 

•oo 

'43 

•86 

42 

•42 

•83 

•25 

•67 

'09 

•50 

688-92 

'34 

'75 

44 

•41 

•81 

'22 

•62 

•03 

'43 

•84 

•24 

•65 

46 

'39 

79 

•18 

•58 

49r97 

•36 

•76 

•15 

•54 

48 

•38 

•76 

'IS 

'53 

•91 

•29 

•68 

•06 

'44 

50 

'37 

74 

'II 

•48 

•85 

'22 

•59 

786-96 

•34 

52 

•36 

•72 

•08 

•44 

79 

•15 

'51 

•86 

•23 

54 

'35 

•70 

•04 

'39 

74 

.09 

'44 

78 

•13 

56 

'34 

•67 

•oi 

•35 

•68 

.02 

•36 

•70 

•03 

58 

'33 

•65 

294-98 

•30 

•63 

589-96 

•28 

•61 

884-94 

60 

•32 

•63 

•95 

•26 

•58 

•90 

•21 

•53 

•84 

Example. — What  is  the  value  in  arc  of  67-542  feet  on  the  equator  ? 


FEET. 

Value  for  60,000 

7,000 

500 

40 

2 


59r4° 

68-997 

4-928 

'394 
.020 


67,542   —  66574  seconds. 


*  Computed  from  formula  : 

,             ,    .                length  in  feet  x  180  x  3,600 
Number  of  seconds  in  arc  = & 


7TV 


where  v  =  normal  to  the  meridian  terminated  by  the  minor  axis. 


8i 

Table  II. — Computation  of  latitude  and  longitude. 
Logarithim  of  constant  C*  for  obtaining  true  difference  of 

latitude. 


Lat. 

Log.  C 

Lat. 

Log.  C 

Lat. 

Log.  C 

o 

•0029568 

i 

9559 

21 

•0025782 

41 

•0016866 

2 

9532 

22 

5431 

42 

6354 

3 

9487 

23 

5067 

43 

5840 

4 

9425 

24 

4690 

44 

5325 

5 

9344 

25 

4302 

45 

4809 

6 

•0029246 

26 

3902 

46 

•0014293 

7 

9130 

27 

3490 

47 

3778 

8 

8997 

28 

3068 

48 

3264 

9 

8847 

29 

2636 

49 

275i 

10 

8679 

30 

2195 

50 

2241 

ii 

•0028495 

31 

•0021744 

5i 

•0011734 

12 

8294 

32 

1285 

52 

1231 

13 

8077 

33 

0818 

53 

0732 

H 

7843 

34 

0344 

54 

0238 

15 

7595 

35 

•0019863 

55 

•0009750 

16 

•0027329 

36 

9375 

56 

9267 

17 

7048 

37 

8882 

57 

8792 

18 

6753 

38 

8384 

58 

8323 

19 

6444 

39 

7882 

59 

7863 

20 

6120 

40 

7375 

60 

7411 

Example. — The  difference  of  latitude  between  two  stations  (mean 
lat.,  10°  N.)  calculated  by  spherical  formulae  is  H56"72.  What  is 
the  true  difference  ? 

log.  115672  =  3-0632282 
log.  C  (above)  =  0-0028679 

3-0660961 
True  difference  of  latitude  =   1164 "-38. 


Computed  from  formula  C  = 


normal  to  meridian. 


radius  of  curvature  of  meridian, 
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To  FIND  AN  EXPRESSION  COMBINING   THE   CORRECTIONS  FOR 
CURVATURE  AND  REFRACTION. 

A  P 


FIG.  53. 

A  good  general  rule  for  finding  the  correction  for  the  combined 
effect  of  curvature  and  refraction  to  be  added  to  the  altitude  of  any 
point  as  computed  by  right-angled  plane  trigonometry,  taking  a 

mean  coefficient  of  refraction  is  : — correction  in  feet  =  —    of    the 

7 
square  of  the  distance  in  stat.  miles. 

This  rule  can  be  proved  as  follows  : — 
1st  correction  for  curvature. 

Let  A  and  B  (fig.  53)  be  two  points  on  the  surface  of  the  earth 
sea  level. 

Let  A  P  be  at  right  angles  to  A  C  and  meet  B  C  produced  in  P 

Then  P  B  will  be  the  depression  of  B  below  the  horizon  of  A 
or  the  correction  for  curvature. 

By  Geometry  P  A2  =  PB  x  PD 
PA2         A  B2 

-PB=TD  =  BET  nearly- 

If  we  put  B  D  =  7920  miles,  and  express  A  B  in  miles  and  P  B 
in  feet,  we  have 

P  B  in  feet  =  5^  A  B2  =  *  A  B2  in  miles. 
7920 


2nd  correction,  for  refraction. 

Let  R  (fig.  54)  be  the  point  to 
which  B  is  apparently  raised,  also 
let  fji  be  the  co-efficient  of  refrac- 
tion. 

Then  the  angle  R  A  B  =  /x,  C, 
C  being  the  contained  arc. 


RB 


B 


FIG.  54. 


Now  the  angle  R  A  B  =  T~^>    approximately, 

A  B 


also  contained  arc  C  = 


R  B 
ATE 


A  B 
C  B 


RB  = 


C  B 

AB2 
^'C  B 


expressing  R  B  in  feet  and  A  B  in  miles,  putting  C  B  =  3960  and 

A 

we  have  R  B  feet  =  f  x  A  .  A  B2  =  22T  A  B2  miles, 

.-.  combined  correction  in  feet  =  (§  —  £)  A  B2  =  f  A  B2  in  miles. 


Example. 

The  distance  from  Kaulia  to  Mt.  Everest  is  108  .  6  miles. 
The  height  of  Everest  above  Kaulia  is  22,020  feet. 

The  portion  of  Everest  below  horizon  of  Kaulia 
is  =  f  x  108  <26  =  6739  feet. 

/.  portion  of  Everest  above  horizon  of  Kaulia  =  15281  feet. 

Let  A  be  the  angle  of  elevation  of  Everest  above  horizon  of 
Kaulia, 

then  tan.  A  =    — ^^-^ = — -,  approx. 

5280  x  108  .  6 

log.  15287  =  4 .  18415 
log.  5280  x  108  .  6  =  5  .  75846 
log.  tan.  A  =  8  .  42569 
•'.  A  =  i°  31'  35". 
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USEFUL    TRIGONOMETRICAL    FORMULA. 

Plane  Trigonometry. 

The  following  formulae  are  of  frequent  use  in  all  surveying 
problems.  In  right-angled  triangles,  B  being  the  right  angle,  if 
either  A  or  C  is  known,  the  other  is  found  by  subtracting  the  known 
angle  from  90°.  For  the  rest  we  have  : 


B 


FIG.  55. 


TABLE  I. 


Case. 

Given. 

Required. 

Solution. 

•   { 

Hyp.  AC 
Angles    .  . 

Base  CB.  . 
Perp.  A  B 

C  B  ==  A  C  x  cos.  C. 
AB=AC  x  sin.  C. 

2&3  r 

Base  C  B 
Angles    .  . 

Perp.  A  B 
Hyp.  AC 

A  B  ==  C  B  x  tan.  C. 
A  C  =  C  B  x  sec.  C. 

4*ST 

Hyp.  A  C 
Perp.  A  B 

Angles  .  . 
BaseBC 

sin.  C  =  A  B  -r-  AC  ;  cos.  A  =  A  B  -f- 

AC. 

BC=  V(AC  +  AB)  x  (AC-AB). 

i  c 

Perp.  A  B 
Base  B  C 

Angles  .  . 
Hyp.  A  C 

tan  C  =  AB  -f-  B  C  ;  cot.  A  =  AB  -f- 
AC  =  BC  x  sec.  C. 

BC. 

FIG.  56. 


TABLE  II. 


Case. 

Given. 

Required 

Solution. 

•  c 

The  angles 
and  side  AB. 

SideBC 
Side  AC 

B  C  =  A  B  x  sin.  A  x  cosec.  C. 
A  C  =  A  B  x  sin.  B  x  cosec.  C. 

r 

Two  sides 

AB,  BC,  and 

Angle  A 

sin.  A  =  sin.  C  x  B  C  -f-  A  B 

2&3^ 

angle  C 

Angle  B 

B  =  1800  -  (A  +  C). 

opposite  to 

Side  AC 

AC  =  A  B  x  sin.  B  x  cosec.  C. 

I 

one  of  them. 

X" 

tan.  5-^°  —  (AC  -  AB)  x  cot^  ~  (AC  + 

AB). 

Two  sides 

2                                                             2 

AB,  AC, 

Angles 

and,  B  +  C  =  900  -  *L;  from  which 

4&5^ 

and  the 

Cand  B 

2                    a 

included 

p_B  +  C  +  B-C.  ,nHC_B  +  C_B- 

C. 

Angle  A. 

22                                       22 

X. 

SideBC 

B  C  =  A  B  x  sin.  A  x  cosec.  C. 

r 

From  half  the  sum  of  the  three  sides,  subtract,  separately, 

each  of  the  three  sides.    Multiply  these  four  numbers  (the 

6     4 

All  three 

All  the 

half  sum  and  the  three  remainders)  together, 

and  take  twice 

°      1 

sides. 

Angles. 

the  square  root  of  the  product.    The  result,  divided  by  the 
product  of  any  two  of  the  Sides,  gives  the  sine  of  the  angle 
between  them. 

In  oblique-angled  triangles,  if  two  of  the  angles  are  known,  the 
third  angle  is  found  by  subtracting  the  sum  of  the  two  from  180°  ; 
for  the  rest  Sec  TABLE  II. 


8b 


Spherical  Trigonometry. 


Given  three  sides,  a,  b,  c, 


sin?—  = 

2 


sin.  a  +  b  —  c  .  sin.  a  —  b  -f  c 


sin.  b  sin.  c 


or,  where 

s  =  \  (a 


sin.  3  sin. 


Given  two  sides  and  included  angle,  a,  3,  C, 


tan. 
tan. 


A  +  B       cos.  \  (a 


2  cos.  \  (a  +  b) 

A  —  B       sin.  i  (a  — 


cot. 


f~          TVCot- 

sin.  f  (a  +  b)  2 


FIG.  57. 


tan.  —  =  A/sin.  (^  -  b)  sin.  Q  -  c) 
2  sin.  ^  sin.  (s  —  a) 


87 
Given  two  sides  and  angle  opposite  one  of  them,  #  ,  b,  A. 

Let 

tan.  0  =  tan.  b  cos.  A, 

A,       cos.  0  cos.  a 
cos.  0    =  -  ;  -  , 
cos.  b 

then  c  —  0  ±  6'  (two  solutions). 

Given  three  angles,  A,  B,  C, 

sin.  (A  +  6) 

cos.  a  =—      1.    .  —  p4-^  —  a> 
sin.  B  sin.  C  sin.  0 

where  .   &  _  cos.  B  cos.  C 

sin.  A 

Given  two  angles  and  adjacent  stde,  A,  B,  c. 

0       cos.  A  sin.  (B  —  6) 

COS.  C   =     -  :  -  £  -  — 

sm.  v 
where  cot.  0  =  cos.  c  tan.  A. 


cos. 


.      A  -  B 

sm.  . 


sin. 


Given  two  angles  and  side  opposite  one  of  them,  A,  B,  a. 
Let  cot.  6  =  tan.  B  cos.  a 


sin.  0'  =  sin"  e  c°*-  A  (two  solutions) 
cos.  B 


then,  c  =  0  ±  0'. 
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